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PREFACE. 



The following Publication is intended mainly for the use of tbe 
Public Teacher^ and of the Student who endeayours in private 
to acquire a knowledge of Algebra solely by means of his own 
exertions. To the former it may be of service, by enabling 
him to detect the mistakes of his pupils^ or to point out the 
proper plan^ with less exercise of thought, and less expenditure 
of time^ than might otherwise be required ; while, to the self- 
taoght Student, it may prevent the discouragement which always 
arises from failure ; and even after, by his exertions^ he may 
have succeeded in the solution of a problem^ the Key may afford 
him additional information, which may extend his knowledge, or, 
what is often better^ may excite new trains of thought in his 
mind. 

Books of this kind^ in consequence of the comparatively heavy 
expense of their publication, an expense which is not compen- 
sated for by a speedy sale, must necessarily be charged at a higher 
price than works of the like size^ but of a more popular character. 
On this account, it has been the wish of the Author and the 
Publishers to limit the size, and consequently the price of the 
work ; and thus to tax^ as lightly as possible, those who may 
feel it to be their interest to use it ; and for this reason the solu- 
tions of some of the simplest and easiest of the Exercises have 
been omitted, and those of several of the others have been given 
in a somewhat abridged form. 

Glasgow College^ May 1. 1847. 
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COMPUTATIONS OF ALGEBRAIC EXPRESSIONS. 

(Alobbra^ p. 7*) 

1. x=i?l-? + -^^i^-10 + S = 25-8-f 4-10 

4+1 14+2+1 

+ 3 = 14. 

2. ,^!5 + l6~l JO^_100-jO^^ ^^^^^ 

5+4+1 8 + 2 4 + 1 

S. y^ ^^-^^^ + ^^^^^^-^^-«-^^=2.5-l|=23i. 
^ 5+4-2 + 1 32 7 *^ 

4. y = a/(25 + 16-5)-Sv'(25-16-4-1) 

= 6 — 3x2 = 0. 



NUMERICAL EQUATIONS OF THE FIRST DEGREE. 

(Algebra^ p. 14.) 

Exer, 1. 

Since 6» +31 = 28 1 — 40?^ we get^ by transposition^ 

6j?+4a:=:281 — 31 ; or, by contraction^ 10d7=250 ; 
whence the answer is got by dividing by 10. 
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2 NUMERICAL EQUATIONS [A^^ra, 

Exer. 2. 
By transposition we get 

^-f Sar=:S19 — 11 ; or, by contraction^ 4ar=S08 ; 
from which the answer is obtained by dividing by 4. 

Exer. 3. 
By multiplying by 5, we get 

10a:— 45=S60 + a?; 
whence^ by transposition and contraction^ 

IOj?— ar=S60+45, and 9ar=405 ; 
and from this the value of z is found by dividing by 9. 

Exer. 4. 

Here^ by multiplying by 5^ to get rid of the fraction^ we 
obtain 

5ar-- 55=^+2+35; 

whence^ by transposition and contraction^ we get 

5a:— a:=2-f 35 4-55, and 4a:=92; 

and the answer is foimd from this by dividing by 4. 

Exer. 5. 
Here^ by multiplying by 2 and 3 successively^ we get 

^-2= — 4-2, and Sa7-6=2a7-f 6; 

and hence^ by transposition, 

3a:— 2a?=6+6; or, by contraction, a: =12. 

Exer, 6. 
By multiplying successively by 5 and 4, we get 

55-x=z65—^, and 220-4«=260-5jf ; 
4 

and thence, by transposition, 

5ar— 4j?=260— 220, or ;r=40. 



p. 14, 15. J OF THB FIRST DEGREE. 3 

Exer, 7. 

Here, by multiplying by 12 (=4x3=6x2), the least com- 
mon multiple of 4 and 6, we get 

3a?-fS + 2j7— 2=96; 

whence^ by transposition and contraction, 

3j?-|-2ar=96— 3 + 2, and 5ar=95 : 

and, then, the value of x is obtained by dividing by 5. 

Exer. 8. 

Here, by multiplying by 120 (=8 X 15 = 12 X 10=20x6), 
which is ^e least common multiple of the denominators, 8, 12, 
and 20, we get 

15a?-45-|-10a:4-90=18jr+42-|-S60; 
whence, by transposition and contraction, 

15:c+10a:— 18a:=42+S60 + 45— 90, and 7ar=357: 
and from this the answer is found by dividing by 7* 

Exer, 9. 

The least common multiple of the denominators 3, 5, 1, 2, 4, 
and 6, is 420 ; and, by multiplying by this, we get 

28007+ 336ar— S60ar=210^+ S15J7— 350^4-34020 : 

whence, by transposition, by contraction, and by dividing by 81, 
we obtain successively 

280a: + 336j7 - 360ar—210ar— 315ar + 350^=34020 ; 
81x:=:34020; and J7=420. 

Exer, 10. 

Here, by multiplying by 12, the least common multiple of 
2, 3, and 4, we get 

6ar— 6 + 4^— 8— 3a? + 9*=72; 

* Here the sign of 9 must be changed according to the principle 
explained in the Algebra, § 33. ; and the same must always be done in 
the case of fractions preceded by the sign minnt^ and having compound 
quantities as their numerators. 

B 2 
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4 KVMEBiOAL EQUATIONS [^Algebra, 

whence^ by transposition^ hy contraction^ and by division by 7, 
we get successively 

'7j7=77; and a?=n. 



Exer, lU 

Let the parts be x and 11— af. Then 2^ H = 16; 

the resolution of which will give a?. 



-Barer. 12. 

Let each of the four results be denoted by a?. Then, a—1, 
x-\-2, ^w, and 4a7 will be the four parts. The sum of these 
is 6a: -f ^47-1-1 ; by putting which equal to 39, and resolving 
the equation, we get 07=6; and from this the parts a— I, ar -f 2, 
&c. are easily found. 

Exer. 13, 

Let a denote the hours between starting and meeting. Then, 
by multiplying x successively by 10^ and 9^, adding the results, 
putting the sum equal to 400, and resolving the equation, we get 
jr=20 hours; the products of which into 10^ and 9^ are the 
respective distances in miles from London and Glasgow. 



Exer, 14. 

In two hours, the coach from Glasgow will have travelled 
19 miles. Then, 400—19 = 381, the miles still to be travelled. 
By proceeding as in the last question, it will be found that this 
space will be travelled in 19^V hiours ; the product of which by 
10^ is 200^ miles, the distance of the point of meeting from 
London. 

Exer, 15. 

Let a: be the first part; then 2a: and 60— 3a; will be the two 
remaining parts. Multiplying these respectively, by 12, 14, and 
10, we get 12^, 28a;, and 600— 30ar, the prices in shillings. 



p. 15, 16.] OF THE FIRST DEGREE. 5 

the sum of which is 600 + 1 Oar. Putting this equal to 760^ the 
shillings in ;^38 (=5;^dO+;^8), and resolving the equation^ we 
get 07=16, the first part; and thence we have 2x^s32, and 
60-3a: = 12. 

Exer, 16. 

Let the capital of the first dealer he x. Then 2a?— 100 ; 2(2a? 
— 100) — 100, or 4ar - 300 ; and 2(4jr— 300) — 100, or 8ar — 700, 
will he the amounts of his property at the ends of the first, 
second, and third years. Putting the last equal to 2x, and re- 
solving the equation, we get ar=£ll6f, or£ll6 IS*. 44., the 
Rnswer. The second answer is found by putting 8^7—700 equal 
to^a:. 

Exer. 17. 

If 07 be put to denote the original capital, we shall have 2x— 
300; 2(2a:— 300)— 400, or 4o?— 1000,- and 2(4a:— 1000) — 
500, or 807— 2500, the several amounts of his capital at the ends 
of the three years ; and, by putting the last of these equal to 
5500, we get 07=1000, the number of pounds in his original 
capitaL 

Exer. 18. 

Let the son's present age be denoted by or, and the father^s will 
be 3o7. By taking 5 from each, we get 07— 5 and 3x—5, their 
ages five years ago. Then, by putting four times the former 
equal to the latter, we find 07=15; and, consequently, 3o7=45. 



Exer. 19. 

If 07 be put to denote C.'s share, A.'s will be or + 100, and 
B.'s or — 50. Adding these together, and putting the sum equal 
to £1000, we get x=:£3l6 IS*. 44.; and consequently, 0? + £100 
=£4>l6 138. 44., and or— £50 = £266 13*. 4d. 

Exer. 20. 

Let 07 be the number of gallons in the cask; then 21 (07 + 10) 
and 1 8(or + 20) will each be the value of the brandy; and, 
putting these equal to each other, and resolving the equation, 
we get 07=50. 

JB 3 



6 MULTIPLICATION. \^Algehra, 

Exer. 21. 
By putting x to denote the number, we have 

1 f X , X X X\ Q-. X . (Xf . X X . X 

2(2+3+4+5) +'^=-6+7"*"8+9+io' 

the resolution of which equation gives :r=5040. 

Exer, 22. 

If ^ be put to denote the less, x + 6 will represent the greater; 
and, by the question, we shall have, 3:r=2(j7+6) + 7> or Sx 
=2a:-f 12-1-7 ; whence ar=19> w^d therefore ar-|-6=25. 

Exer. 23. 
Let a; represent the required number. Then, by the question, 

ar-H a:-f2_ar+8 
2 "^ 3 4 "^ ' 

the resolution of which equation will give «=13. 



MULTIPLICATION. 
(Algebra, p. 25.) 

Exer, 11. 

Second power, 4ar2-f I2ary-|-9y^ . ^u^ ti^g answer will be found 
by multiplying this by 2x-\-Sy, 

Exer, 12. 

Second power, 4a:2— 12a7y-f9y^ ; third power, SaT^—SGar^y 
H-54«ry2-.27y3 . and the answer will be found by taking the 
product of these two quantities. The fourth power is 160;^— 
96ir8y + 2l6ar2y2_2i6ary3^.8]y4. the product of which by 

9a ^Sy would also be the answer. 



p. 16. 25.] MULTIPLICATION. 7 

Exer. 13. 

This exercise is easily wrought by finding the product of the 
first and second factors^ and that of the third and fourth ; and 
then by finding the product of the results.* 

In tiiis way the work will be as follows : 

(1.) a-^-h-^c 






(2.) a-'h^c 



o2_624.2ftc-ca 
(8.) -a2+624.26c4-c2 

a2ft2_i^_2^c-ft2c2 

— 2a2&c -f 2&3c + 4ft2c2 4. 25c3 

-a4+ 2a262«ft4 4.202024. 262c2_c4. 

* This exercise may be very easily wrought by means of the principle 
established in the Alobbra, § 57. In working it by that means, which 
the learner, when prepared for it, ought to do for his improyement, the 
first and second &ctors may be written 

(b + e') + a and (b + e)-^af 
the product of which is 

(6 + cy^t^t or b* + 2be + (*^cf. 
The two remaining fiu^rs may be written 

a— (6— c) and a + (b-^e'), 
and the product of these is 

a«-(6-cy, or a«-6« + 2ftc-e». 
These two products may be written 

26c-(a>— M-c") and 26c + (a«-i»-c»): 
the product of which is easily found, and is the answer. 

B 4 



^ MULTIPLICATION. [Algebra 

EXBT, 14. ♦ 

jr2_|_^2 — jjf2 — f^ 

4^ — «2y 2 ^ ^2^2 _ ^2|^ 



2^— y* 

4^2 y2 

4kr2-fy« 
I6a:4_4;p2y2 

4^¥-y^ 

-Barer. I64 

1+^7+1:2 -f-a^a^a^ 

l-f-2^H-3ar2-|-4a?34-5a:4 4-4a?5 + 3j?6-|-2ar7-H^. 

* This is easily wrought by means of § 57., Algebra, p. 44., by putting 
the £fictors under tlie forms, 

a:«— „«— (y«-.2;9) and x2— »9 + (y2— ««). 

t This exercise is very easily wrought by means of § 57., Algebra, 
p. 44. 

\ The work of this exercise would be effected most easily by employing 
only the coefficients. 
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MULTIPLICATION. 



lAfffebra, 



Exer, 22. 
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Exer, 23. 
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Exer. 25. 



111111 
1 -1 1 

111111 
-1 _i —1 _i _i «i 

111111 

10111101 



Exer, 26. 
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Exer. 27. 



a+2&+c 
a — c 

b6 
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Exer. 28. 

arar— 1 
x^yz—xz 

x^yz-^xy-^xz 4- 1 
yar—l 

x^y^z^ — ay^Z'^xyz^-{-yz 

a^y^z^'^xyz{x-^y+z)'\-xy'\~xz+yz^l 



Exer. 29. 

y^+xz 
x^y^+y^z 

a^z^xyz^ 
x^y^ 4" x^ss + y'jjf + ary*^ 
g^ + a^y 

dr'y^ + x^z +xy*z + a:2y2jj;2 
2a:2y2jjf2 ^ ^^3^3 ^ ^^ ^ y3jjf3 _^ ^^4^^^ ^ xy^z-^-xyz*, or 
2x^y^z^-^a^^ 4- ar^^j^ 4-y^^ 4- xyz(^x^ +y® H-«^) 



^a:cr. SO. 

«^+ 524_|j2_^5_a^ _ j^ 
a + 6 4-c 

a264- 63 4-6c2— a62_aje.52c 
^^.^4.08—8060 



pp. 28. 34, 35. 39, 40.] division. 
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[Alg^ra^ 



Exer. 28. 

—37 35 7 2 
9 12 6 —18 4 —2 
:g ^27^ —36 8—4 

2-6 3 



— 1 







-3 4 2 







Ans. Sar3— 9x2+2j?— 1. 



jBd7cr. 29. 

9fl'6+9a^ftc— 4a63+ 463c -9a6c2— g&cS 
9g^6~6a26g-f9Q^feg 

6a252 _ 4^53 ^ 5fl52c 

— 6a6-'c-i-463c-9a6c2 
— 6a62c4.463c— 662c2 



Sa— 26+3c 



-9a6c2+66V— 96c» 
—9o6c2 +66^02 -,96c3 





Ejper. 30, 

©3 H- 3fl26 + 3fl62 H- 263 + 3^2^ ^ gbc^ + c* 
a3 + 2a26-t-a2c 

a26 + 3a62-.a2c 

fl^64-2fl62 4-g6c 

a62—a6c— a2c ^_ 263 + 362c 
a62 + 263 + ft2^ 

— a2c — a6c + 262c 
— a^c — 2a6c — oc^ 



aH-26+c 
a2+a6+62-ac+6cH-c2 



a6c+262c+flc2 4-S6c2 
a6c-f262cH-6c2 



ac24.26c2-|.c3 
flc2 4-26c2+c3 
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iifw. a:+2^+3a:3 + 4j?*+5a^+&p« + 7x7+8*8. 



MISCELLANEOUS INVESTIGATIONS. 
(Aloebra^ p. 49*) 

Exer, 1. 

This will be wrought by putting the proposed quantity under 
any of Ae forms, {(x2H-a?)4-lF, {^+(^+1)}^, and 

{(^ + l)+xP. 

J^xer. 2. 

The proposed quantity may be put under the form 
{(a^-x2)+(a?-l)}2, or {(ar^ + ^)-(ar2+l)}2, 
or {(^-l)-(^-a:)}2,or {(a:2 + l)(a:-l)}^ 

Exer. 6. 

The factors are the same as those in Exam. 9* ii^ Multiplication^ 
except that the signs of a are changed. To get the answer here, 
therefore, diange the signs of a in the answer to that example. 
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18 MitCELLANBous INVESTIGATIONS. [Algebra, 

Exer, 7, 

The answer will be found by changing the signs of a in the 
answer to Exer. 9* in Division. 

Exer. 10. 
The quantity which is to be cubed may be written 
(l—a:)H-ar2, (l^a^)—a;, or l—(x^a^). 

Exer. 12. 
The factors may be written (I -h472)-fa: and (1 +x2)— ar. 

Exer. 15. 
The proposed quantity is the same as («r4-a)2— ft^. 

Exer. 22. 
The dividend may be written 5(a:* — 1)— a?(a:2— 1). 

Exer. 23. 

The first divisor may be written either l+r^ or r^ + l, and 
the method of detached co-efficients may be employed. 

The second divisor may be written either 1— 2x-|-a:' or ar^— . 
2x^\^^ ; and^ by the method of detached co-efficients^ or by the 
common method^ the quotient will be found to be what is given 
in the Aloebba^ or 

1,2,34, ^ n ^ (n-hl>r-»— nj?-'»-i 

Exer. 24. 

By a change of arrangement, and by { 51. &c.^ the given 
quantity may be put successively under the following forms : 

(a:7 4.473) + (ar6+472)+(a:5 4.x)-|-(fl?4 + l); 

(d7Hl)(a:3 + 472 + J?-f 1); 

'(a74-fl){x^(a:+l) + l(x4-l)}; 
and(a:^4-lXa:2-f l)(a:-|-l> 
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JExer* 25* 
As in the last^ we shall have, aucoessively, 

(**-l>p3-(a?4-l)a:2-(x*-l)jr+(«4-.l)l ; 

(^ + l)(^-l){a:2(a:-l)-l(i:-l)} ; 
(^+1)(x2-1)(^2^1X:p-1); 

(«2 + lXi: + l)(*-l)(^+l)(a?-lX^-l); 
and {x^ + lXaf+iy(»-iy. 



Ezer, 26. 
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1 -1 



Hence 

The second answer is found by changing the signs of all the 
odd powers of r ; or it may be found by actual division. 



Exer. 27. 

Divide the first series by l-fr^ and the second by 1— r, and 
call the quotients Si and s^, 8cc. 



Exer. 28. 

By i 57^ (a + 6)2-c2=(a4-6+cXa+&-c), 

(a + c)2-62=(a + 6 + c)(a-6-f c), and 

the Bum of which is evidently (a-\-b-\-c)(a-\'b-\-c) or (a+6+c)2. 



so IfMCELLANEOUS INVESTIGATlONft [Alff^ra, 

Exer. 29. 






o^+a' 



1 H-a2x-2-a4a:-4+a6j;-6_&c. 



a2 

fl2-f.g4^-2 

— a4^2 



a^x"4-|-a8^- 



— a^a;~^, &c. 

By considering die terms of the quotient above obtained (the 
first term of which may be written a^x^), it will be seen that the 
indices of the powers of a are each^ if increased by 2^ double of 
the number expressing the order of the term in which it occurs ; 
so that if n denote the order of the term, the index will be 2n — 2: 
and the indices of the powers of x are everywhere the same as 
those of the powers of a, except that they have contrary signs. 
Hence, the general term is 4i2>i-2^-2n+2 ^ and ^y taking n=120, 
we find the 120th term to be a^x-^. 

Exer. 30. 

By § 56., (x+yy=:a^-\-3x^y+3xy'i-^y^, and (x^yf^zx^- 
Sx-y-^Sxy^—y^. The sum of these is ^x^-^Gxy'^, and their 
difference 6x^y-^2y^; which (§51.) are respectively equivalent 
to 2a{x^+3y^) and 2y(3^+y2), 

Exer. 31. 

Find the actual product of the three factors, and it will be 
easily exhibited in the required form by means of } 51. 

Exer. 32. 

Find the actual powers, and proceed according to the directions 
in the question. 

Exer. 33. 
(a2 + 62)2 == ^4 ^. 2a2ft2 ^ 54, (o2_ ft2)2 = a4_2a262 4 54^ and 
(2a&)2=4a2^. the first of which is equal to the sum of the 
other two. 

Eaer. 34. 

Proceed according to the method given above for solving 
Sxer. 31. 
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FRACTIONS. 
(Aloebba^ p. 66, 67, &C.) 

In Exercises 18, 19> and 20. the common measures are 
readily found by inspection, by means of {} 53, 57, 58, &c. 
They may ako be found by means of } 81. or 82. 

Ejeer, 21. 
The fraction may be written 3(^Hl)-f ^ -hl)--^(x-fl) : 

and (§ 60.) the numerator and denominator of this are both 
divisible by ^-(-1. 

Exer, 22. 

The solution of this exercise is obtained at once from { 60^ 
Algebra, page 46. 

Ezer, 23. 
By the first method, 

2 0-1 -1)1 0-1-2 2 

2 



2 0—2-4 4(1 
2 0—1—1 



— 1_-S 4 

'^ 6 



2 0-1-1 
2 6-8 

-6 7 -1 
-6-18 24 

25 )25-25 

1 -I) -1 -3 4(-i _4 

— 1 1 

—4 4 
—4 4 



Hence jr — 1 is the common measure ; and by it divide both the 
ntunerator and denominator. 
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VBACTIONS. 



[AtgOrck 



By the second method. 



Here, (c) is got by sub- 1 
tracting the line before it 2 
from (6) ; (d) by taking the 2^ 
difference of the line before 
it and (6) ; and (c) by taking 
the difference of ihe two 
lines preceding it. 



0—1—2 2 
-1 -1 ... 

0—2—4 4 



1 

2 



3 —4 
6 -8 



6 -7 1 
6 18-24 

25)25-25 



.(a) 
.(b) 
. (a)x2 

. (c)x2 

•^^) . 
. (c) X 6 

.(.) 



1 —1, as before. 



S 20-57 80 



Ejper. 24. 

^y the first method. 

—50)18 —5 
18 120 —342 



44 "5(6 
480 —300 



120 337 —436 295 



3 
40 



20 



-57 



1137 -2716 
40 



80 



120 800 —2280 3200 
120 -337 436 * -295 



-50 



—20001—1 



3495 —2000 



45480 —108640 139800 — 80000]- 379 
45480 —127723 165244 —111805 

6361)19083 -25444 31805 

3-4 5 



S ..4 5)-120 337 -436 
— 120 160 -200 

177 -236 
177 —236 



Ans. Measure, 3^ — 44? -f 5. 







295(-40 59 

295 
295 
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By the second method. 



3 20 
18 
18 120 - 


-57 80 

-5 44 

-342 480 


— 50 ... (a) 
-5 . . . (6) 
—300.. .Ia)x6 


120 - 


- 337 436 


-295 ...(c) 


180 
177 -20 
7080 -19883 
7080 -800 


—50 440 

7 360 

25724 - 
280 


-50 ... (6) X 10 

(rf) 

17405.. . {c)x59 
14400... (d)x40 


636*1)19083 


-25444 


31805 . . . (c) 


3 


—4 


5, as before. 



In this operation^ (c) is got by taking (6) from the line after 
it ; and (d) by taking (a) from ihe line after (c). The line (e) 
is the difference of the two lines before it. The rest is plain. 



Exer, 25. 

The denominator is the product of the factors a:^ and 64!sfi — 
27 ; the former of which is not a divisor of the numerator. The 
latter ({ 58.) is the product of 4a7— 3 and 16x24-120:4-9; the 
former of which is found, by trial, to be a divisor of the nume- 
rator. The solution might also be obtained by either of the rules 
in {{ 81 and 82. 



8 -30 31 



Exer, 26. 
By the first method, 

0—12)16 ^53 45 6(2 
16 —60 62 —24 

5 )60 -115 45 3 0^ 
12 —23 9 6 
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FBAOTIONS. 



[Alg^ra^ 



8 -SO 
3 



31 



-1212 -23 9 6 



24 -90 93 
24 —46 18 



-36i2 
12 



_44 75 -12 -36 
6 

—264 450 -72 — 2l6(— 22 
—264 506 —198 -132 

— 14)-56 126 -84 



4 —9 



Ans, 4a:'— 9j? + 6. 



6)12 -23 
12 —27 



4 

4 



9 

18 



-9 
-9 







6(3 

6 
6 



Here the line 
before (c) is the 
sum of the two 
lines preceding it; 
and the one before 

(d) is the difier- 
ence of the one 
before it and (a). 
The line before 

(e) is the differ- 
ence between the 
line preceding it 
and (c) ; and the 
last Hne is the dif- 
ference of the two 
immediately pre- 
ceding ones. 



By the second method. 

16 ^53 45 6... (a) 

8 —30 31 —12... (6) 

32 —106 90 12 ... (a) X 2 

5 )40 -30 —75 90 

8 -6 —15 18 (c) 

16 —60 62 -24 ...(6)x2 

5)60 —115 45 SO 

12 -23 9 6 . . . (d) 

36 -69 27 18 . ..Id)x3 

7)28 - 63 42 

4 -9 6 (e) 

24 —18 -45 54 (c) x3 

24 —46 .18 12 («?) X 2 

28 —63 42, as before. 



Exer. 27. 
By the first method. 

By dividing the numerator and denominator by 2j7, and em- 
ploying the resulting coefficients^ we shall have the work as 
follows. 



07.J 




FRACTIONS. 




9 -9 -7 


15 


-6)12 - 
3 

36 - 
36 - 


-11 -7 12 

-33 -21 36 
-36 -28 60 


—4 

-12(4 
-24 


9 -9 -7 
9 21 —72 

-30 65 
—30 -70 


15 
S6 

—21 
240 


-6 

-6 
-120 


3 7 —24 
3 -10 ~ 


12 


3)135 - 
45 


-261 

-87 


114 

38)3 
15 

45 
45 


7 -24 


12 




105 -360 
-87 38 


180( 



25 



180 



192 -398 
15 

2880 -5970 2700(64 
2880 —5568 2432 



— 134)— 402 



268 



45 
45 



87 
^0 

57 

57 



38 

38 
38 



_3 —2 

15 -19 







Hence 3j:— 2 is the common measure for the terms of the 
reduced fraction ; and by multiplying this result by 2x, we get 
6x- — 4ar, the common measure for the terms of the given fraction. 
The required fraction is then found either by dividing the terms 
of the given one by the measure thus obtained ; or^ in a prefer- 
able way^ by dividing the terms of 

1 2a:^— Il3r3 — 7ar2-H2j:— 4 
Qz^^ga^^ 7a?H 15Z-6''' 

by 3x — 2, the measure first found. 
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FBA0TI0N8. 



lAlgikn, 



In this operation^ 
the line marked (c) 
is got by subtracting 
the line before it 
from the one imme- 
diately preceding ; 
and (d) is the sum 
of the two lines be- 
fore it. The line 
(c) is the diflference 
between the line be- 
fore it and line (c) ; 
and (/) is the dif- 
ference of the line 
before it and (d). 
In the last place, {g) 
is the difference of 
the two lines imme- 
diately preceding it. 



By (he second method. 

12 -11 -7 12 —4 . (a) 

9 -9 -7 15 -6 . (b) 

36 ^33 —21 36 -12 . (a)x8 

36 "36 -28 60 -24 . (6)X4 

3 7 -24 12 . (c) 

18 -18 —14 30 —12 . (b)x2 

18 -15 -7 6 (rf) 

3 6 —30 —14 12 Wx2 

33 —37 10 . . («) 

18 42 -144 72 ic)x6 

51 -137 66. . . . . (/) 
1089 —1221 330 . . (e)x3S 
2 85 -685 330 . . (/) x5 

268)804 —536 (g) 

3 —2, as before. 







Exer. 28. 








By the first method. 






4 -15 


8 


3)1 -5 

4 


4 


3 


9 






4 -20 
4 -15 

—5 

4 


16 

8 
8 


12 
3 

9 


36(1 
36 




-20 
—20 


32 
75 . 


36 
-40 


144(— 5 
-15 


4 -15 
43 


8 


3 


—43 

—4 


76 


159 


172 -645 
172 —304 


344 
-636 


129 




-341 
43 


980 


129 


341 






-14663 
-14663 


42140 
25916 


5547 
54219 




16224J16224 


—48672 





— 3. Measure/ therefore^ #— S. 
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Here (c) is ob- 
tained by takiDg the 
line before it from 
(a) ; and (d) by 
adding (c) to the 
line next after it; 
and (e) and (/) are 
respectively the dif- 
ference and the sum 
of the two lines im- 
mediately preceding 
each of diem. 



By the second method* 

4 -15 8 
1-5 4 3 

4 —20 16 12 



-8 -9 -36. 



48 -180 96 
53 -188 87 
20 -75 40 
20 -32 ^36 



15 
-U^ 

43 -76 -159. 




2809 -9964 4611 . 
1247 —2204 —4611 < 

405 6)4056 -12168 . . .77. . (/) 
1 —3, as before. 



Eaer. 29. 





4 -12 
-12 5 


By the first method. 

5 14 -12)6 -11 

2 

12 —22 
12 ^36 


9 

18 
15 


-13 

-26 
42 


6 

12(3 
-36 


4 

7 


14 -12 


14 
2 

-45 


3 


-6e 


48 


28 
28 


—84 35 
6 -136 


98 -84 
96 






-90 171 

7 


2 -84 






-630 1197 
-630 -135 


14 -588 
3060-2160 


• 




2)1332- 
666- 


-3046 1572 
-1523 786 







c 2 



1 



28 



FRACTIONS. 



[Alg^a, 



666 -1523 786)14 

333 

48S2 



-68 



48 



999 - 22644 15984(7 

4662-10661 5502 

11660 —28146 15984 
333 



3882780 - 937261 8 5322672(5830 
388278 0—8879090 4582380 
—246764) -498528 740292 



The measure, therefore, is 2a?— 3. 



—3 



By the second method. 



In this operation, 
(c) is the difference 
of the two hnes pre- 
ceding it ; and (d) 
is the sum of (a) and 
the line before (c). 
We find(c) by taking 
the sum of the line 
before it and (c) ; 
and (/) is the sum 
of the two lines pre- 
ceding it. Lastly, 
{g) is the sum of 
the two lines imme- 
diately preceding it* 



4 

6 



—12 
— 11 



12 —36 
12 —22 

14 
16 -34 
64 -136 
78 —133 
32 —68 
32 10 

2262 

256 
1259)2518 



5 14 —12 . . (a) 
9 -13 6.. (6) 
15 42 -36 . .(a)x3 
18 -26 12..(6)x2 
3 —68 48 . . (c) 

23 -12 U) 

92 -48 (d)x4 

24 h) 

46 —24 (rf)x2 

-87 (/) 

-3857 696... (e)x 29 
80 -696 ...(/) X 8 

-3777 (g) 

—3, as before. 



Ejrer. 30. 



By the first method. 

9 11 18 42 0—8)18 —5—18 33 —4(2 

18 22 36 84 0-16 

— 3 )— 27-54— 51 12 

9 18 17 -4 
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29 


9 


11 


18 


42 





-8 


9 18 17 -4 


9 18 


17 





4 






1 -2 


-18 


-6 


18 


46 







— 18 


-36* 


-34 





8 






30 


52 


46 


-8 


-8 




3 












90 


156 


138 


—24 


-2410 




90 


180 


170 





—40 




-8) 


-24 


-32 


-24 


16 




3 


4 


3 


—2 




3 4 


3 - 


-2)9 


18 


17 —4(3 2 








9 


12 
6 


9 -6 

8 6-4 










6 


8 


6 -4 



Measure, 3^:34.4^2^ 3a: -2. 







^^ the second method, 

9 11 18 42 —8.. (a) 

18 —5 —18 33 0-4.. (6) 

18 22 36 84 0-l6..(a)x2 

27 54 51 —12 . . (c) 

36 -10-36 66 -8..(6)x2 

27 —21 -54 24 (d) 

18 )54 72 54 -36 {e) 

3 4 3 -2 m 

54 108 102 —24 (c) x 2 

27 )81 108 81 -54 (g) 

3 4 3 —2^ as before. 

Here (c) is got by taking the difference of the two lines pre- 
ceding it, and (d) by adding the line before it to (a). The line 
(e) is the difference of (c) and (d) ; and (g) is found by adding 
the line before it to (d). 



Exer, 54. 
By \k 57. and 58. we have (f±M^~_2«)(_^)i^^ 

as the product ; which, by contraction^ becomes 
(or— 2o)(x2 4-fla:+a2)^ or, by multiplication, x^ — eufi—ct^x-'^d^* 

c 3 



.^0 FRACTIONS. [^Aigelmif 

Exer. 55, 
Here the product is ^ -, or 



6(a:— fl)(a7— o) {x—df 



Exer. 57. 



By reduction (§ 75.) the factors become — ^ - and — — ; the 
product of which is -^-^^. 



x^—y^ 



Exer, 60. 



We have here (§ 75.) the quotient equal to ^^^^- y^ . or ° 

a(a — 1) a — 1' 

^a?er. 66. 
Here the answer is , , , - = -— ?— . 

J?j?er. 67. 

The quotient is ^^J^J^^^ which, by dividing 

the numerator and denominator by a and x, and by actual multi- 
plication becomes the answer* 



Exer, 68, 



By } 75. the quantities become —^ and —5 ; and the 



answer is found in the usual way. 

Exer, 69* 
By J 75. the given quantities become -r—y^ *^d - ""°-, or 

by dividing the numerator and denominator of the dividend by 
those of the divisor. 



p. 71. 73. 7^*] FRACTIONS. 51 

Exer. 70. 
By § 75. the given quantities become — — > — ^ — -i-— and 

-— : and the work is most readily completed by di- 

▼iding the numerator and denominator of the first fraction re- 
spectiyely by those of the second. 



Miscellaneous Exercises regarding Fractions. 
(Algebra, p. 74* ) 

Exer. 1. 

By proceeding as the question directs^ we get a'^^2ab-\-ly^f or 
(} 53.) ia±by. 

Exer. 2. 

o^la "" X I 
The ffiyen fractions may be written 5-;^- ^ -^ and 

® (a-far)(a2-.aa?+*2) 

yg-r^;. ^^^ ^^ answer is obtained by indicating the multipli- 
a—x 

cation, and omitting the factors common to the numerator and 

denominator. 

Exer. 3. 

Multiply the numerator and denominator of first fraction by 
X — a. Then perform the actual addition, and divide the nume- 
rator and denominator of the result by x^+ojp + a^ 

Exer. 4). 
The numerators may be put under the forms, 

and the denominators may be written 

a?(4r^ — y-)(a:2 — y*^) and ar(^+y2). 
Then the answer is obtained by indicating the operation and 
omitting the factors, x-^y, x, and x^-\-y^, in the numerator and 
denominator of the result* 

c 4 



32 FRACTIONS. \^Alffebra, 

Exer, 5. 

By reducing the given fractions to equiyalent ones having a 
common denominator^ we ohtain for numerators x^'\-2az -f-a^ and 
x^—2ax-^a^y and for denominator a^ — a^. By taking half the 
sum of the squares of the numerators, we get ar^+Ga^or^-j-a^ . 
and thence we derive the answer by dividing by x*^2a^x^-\-a^, 
the square of the denominator. 

Exer, 6. 

The sum of the first and third fractions is — ; and, 

x^ — o^ 

after reducing this and the double of second fraction to the same 

denominator, we get the answer by taking the difference of the 

results. 

Exer. 7. 
The sums of the extremes and means are, respectively^ 

and 



a?'- — 9«^ x'^ — a^' 

and the answer will be found by taking the latter of these from 
the former. 

Exer, 8. 

To find the answer, reduce the first and second fractions to the 
same denominator ; square the resuhs ; from the sum of those 
squares take the square of the third fraction, and divide the 
numerator and denominator of the remainder by a^— 6^. 

Exer, 9. 

This exercise is wrought without difficulty by reducing the 
first and second fractions to the same denominator, and taking 
the difference of the results ; then by reducing the second and 
third in a similar manner, and taking their difference, &c. 

Exer. 10. 

To reduce the fractions by pairs to common denominators, 
multiply the terms of the first by 3x -f 1, and tliose of the second 
by ar •+- 1 ; those of the second by 40? 4- 1 , and of the third by 
2a? -fl, &c. Then, the answers will be obtained by taking the 
second of the results from the first, the fourth from the thii-d, &c. 



p. 75, 76.] PRAcnoNg. S3 

Exer, 11. 
This presents no cli£Sculty. 

Eaer. 12. 

The numerators of the sum and difference of the given frac- 
tions are 2a- -^2 and 4a, and their common denominator a-— 1. 

Exer. 13. 

After making the changes indicated in the question, multiply 
the numerators and denominators of the first and second results 
by b, and those of the third by 6^. 

Exer, 14, 

1 -4-^ 
The sum of the first and second fractions is —-L- ^ and the 

1— *2 

difference of the third and fourth is the same. Hence, the quo- 
tient is 1. 

Exer. 15. 
The sum of the first and second fractions is , and the 

l-JT^ 

2jp 

difference of the others ; and the answer is found by di- 

1 — x^ 

viding the first result by the second, or simply the first nume- 
rator by the second. 

Exer, 16. 

Reject the common factors, a?— 1, x, and or + 1, in the deno- 
minators^ and then divide in the common way. 

Exer, 17. 

Multiply the numerator and denominator of the first fraction 
by «+2, and those of the second by x—2; then add in the 
usual way ; and divide the numerator and denominator of the 
sum by x, 

Exer. 18. 

Proceed as in the last, only subtract instead of adding, 

c 5 



$4 SADicAiA OR flVRDs. lAlgeXtra, 



RADICALS OR SURDS. 
(Algebba^ p. 80^ &c.) 

Exer. 1. 
V75=V'25X v^5=5v/S=5xl-7320508=8-66O254. 

-Ej?cr. 2. 
^117= ^9x a/13=Sv/13=&c 

Exer, 3. 
^1728=^576 X v'3=24v^S=&c 

^a?er. 4. 

^108=^27 X ^4=3^4= &c. 

Exer* 6. 
^686=^343 X ^2=7^2=&c 



or 
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EX€T* 8. 

V(3a>6+6a62-|-368) _ 

= V'(o' + 2a6+^)x A/36=(a+6)A/36. 

Exer. 10. 

Vft" A/ ft^(i+ft/ 

— A^ — 2x + 1 /flJ7__^--l ,— 

jBarcr. 12. 

,, flc / (ft4cX&~c) . 

0—6 /\/ 6 ' 



6 



^j^^3j;^A/Kft + c){ft-0- 



c 6 



$6 RADICALS OB SURDS. [^Algebro^ 

Exer. IS. 

Vll2=>/l6x v'7=4a/7 ; ^175= a/25x ^/7=5V7 ; 
and ^34t3 = ^49 X V7=7 \/7 ; the sum of which is 16 ^7. 

Exer. 14. 

Sv/44=S>v/4x >v/ll = 6Vll; and ^275 = a/25 X ^/ll = 
5^/11 : the difference of which is v/H- 



Exer. 15. 

^108=^27x^/4=3^4; and -^32=^8x^4 = 2^4. 

Then the answers are obtained by taking the sum and difference 
of these results. 



Exer. 16. 

0^c?x'=-a^x\ a/62^ =6^/07, and A/c2a?=:Cy/a?. The answer 
is the sum of these. 



Exer. 17. 



In like manner^ a/(^'— 2a:2y^^y2^=:(a;— y)v'a:. The rest is 
easv. 



easy. 

EAer. 18. 
3* = 3*= (34)'^= 81^, and 4^ = 4^ =(43)^=64^. 



Exer. 19. 

The fractions equivalent to ^ |^, and \y and having the same 

denominator, are \, -f, and -I- ; and therefore the given expressions 

4 12 1 1 

become 2^ or l6^, 5^ or 25 », and 7''^. 
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Exer. 2a 
The iiidices are equivalent to -^^y -^^f and |^. The rest is easy. 

Exer, 21. 
Here the indices are |^y ^y ^j, and -^. 

(Algebra^ p. 84.) 
Exer. 22. 



The given quantities^ after a transformation of the first, are 2a 
and Sa^, Then the answer is 2x30*"*"*, or Gd^. 



i 



Exer. 23. 



A 



The proposed quantities are equivalent to z^^ and 4a^, and 
the answer is readily found. 

Exer. 24. 



The product is ^60a^ or 2av/15. 

Exer. 25. 

Take the product of the quantities in the vinculums, and pre« 
fix to it the sign of the square root 

Exer, 26. 
Here (} 57*) the product is 2—1, or 1. 

Exer. 27. 

6 3 2 

The given quantities are the same as x^, ao^y and x^\ the pro- 

11 
duct of which is a: ^ . 

Exer. 28. 



The product is -^l68a7=^8a«x ^21a=2aV(21a). 
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Exer. 29. 

Find the condnual product of the quantities in the vincohims^ 
and prefix to it the sign of the cuhe root. 

Exer. SO. 

To the product of the quantities within the vinculums prefix 
the sign of the square root* 

Exer, 31. 
The product of these (§ 57.) is (x+2)— 1 or ar + 1. 

Exer. 32. 

To work this in the easiest manner, employ merely the coeffi. 
cients 1 ~2 3^ and 1 4 6. 

Exer. 34. 

By dividing the first coefficient hy the second^ we get J ; and 
by taking the second index from the first, we obtain ^, which is 
the index of a in the answer. 

Exer. 35. 

This may be wrought either by multiplying the denominator 

of the first fraction hy 3^/x ; or by writing the first under the 

1 1 

form 4fX ^ and the second under the form 3^^, and then di- 
viding the first coefficient by the second^ and subtracting the 
second index from the first. 

Exer. 36. 
Multiply the first fraction by the reciprocal of the second. 

Exer. 37. 

Divide 30 by 5, and to the quotient prefix the sign of the 
square root 

Exer. 38. 

Neglecting the radical signs^ divide the first quantity by the 
second, and to the result prefix the sign ^. 
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Exer. Sg. 

Put the second quantitj under the form (j^)S ^d divide 
the first hj it. 

Exer. 40. 
Multiply the first fraction hj the reciprocal of the second. 

Exer. 41. 

The coefficients of the given quantities are 4, — 9» 14^ — 19> 
and 4^ and 1^ —^^ 3, and —4; and the division will he per- 
formed hy means of them in the usual way. 

Exer. 42. 

As the indices of the first quantity are each ^, the coefficients 
of that quantity are 1, 0^ 0, and —1^ and those of the second 1 
and — 1 ; and the quotient is readily obtained by means of these. 
It may he got also by means of } 60. 

Exer. 43. 

Multiply the first quantity by the reciprocal of the second^ ac- 
cording to } 57*> and simplify the product. 



rAliORBRA^ p. 87*) 

Exer. 44. and 45. 

In the first of these multiply the numerator and denominator 
of the quantity afiected by the radical sign^ by 11 ; and in the 
second by 11^. 

Exer. 46. and 47. 

In the first of these multiply the numerator and denominator 
by a/2 — 1 ; in the second multiply by a/2 + 1. 

Exer. 48. 
Multiply the numerator and denominator by >v/2 + I« 
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Exer, 49. 

Multiply the numerator and denominator by v^6— ^5, and 
fdmitlify the result. 

Exer. 50. 

Multiply the numerator and denominator of the given fraction 
by >v/(ar-fa)+ ^/{x—a), and simplify the result. 

Exer, 51. 
Multiply the numerator and denominator by a^Jx-^h y/y, 

Exer, 52. 

Multiply the numerator and denominator by a:+ a/(^^—o^), 
to get the first answer. In the second part the denominator is 
the same as 

V^-v^lO-f.gv'^— 2^10 + 4^/5, or 7 a/5-Sv'IO; 

and the answer will be found by multiplying the numerator and 
denominator by 7^/5+3// 10. 

Exer, S^, 

The denominator may be written \/5— v'lO+S v/5— 2\/10 
•4-4^/5, or 7 \/5 — 3 ^/lO ; and the answer will be obtained by 
multiplying the numerator and denominator by 7 \/5-f3\/ 10. 

Exer, 54. 

Multiply the numerator and denominator by v'(^+*)+ Vjp, 
and divide the result by a. 



Miscellaneous Exercises regarding Radicals, 
(Aloebra^ page 87.) 

Exer. 55. 

Multiply the numerator and denominator of the first fraction 
by ^x + iy axid those of the second by ^/x—l. In this .way 



p. 87^ 88.] RADICALS OR 6URD6. 41. 

1 A 

the numerators become x+2x^-h 1, and a? — 2a:^-f 1, and the 
common denominator is ^ — 1. Then the answer is readily found 
by squaring the numerators thus obtained^ by taking the sum and 
difference of the results^ and by writing under them the square of 
the denominator, z— 1. 

I Exer. 56. 

i 
j 

In the quantities given in Exer. 55., write a^if"^ for jp, and 
multiply the numerators and denominators by Vy ; and, in the 
answers, change a?* into a^y~^ and x into xy~i, and multiply 
the numerators and denominators of the results by y^. 



Exer, 57. 

The numerator of the second fraction is the same as {x^-^-y^) 

11 11 

(x^—y^); and therefore, by rejecting the factor x^-^y^, the 

1111 2 119. 

numerator becomes (x^ + y^)(ai^ -\- y^), or a?^ + 2ar^y^ + y^. 
Then the answer is obtained by dividing this by the denominator, 

Exer, 59' 

6 7 8 9 

Here the divisor is the same as Sx^^-j-Ox^^-^Ox^^—x^^ 

10 12 13 14 

-h2:r^ and the dividend the same as Sjy^^+Ojr^'^-f 6j:^^ 

It 16 17 18 19 20 

—x^-\'Ux^^-'2x^+4>x^^'-3x^^-\-6x'^; and the work by 
means of the coefficients, will stand thus : 

0—1 2 



3 





6-1 


11 -2 


4 -S 


6 


3 





-1 


2 


4 









6 


9-2 








6 


0-2 


4 











9 


-3 


6 








9 


-3 


6 









The answer, therefore, is x'^A-Oai^+Qx^ + Ox^-^Sx^, 
0T»^'h^'^+3ai^. 
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Exer. 60, 

Simply take the respective products of the given indices to 
find the indices of ^ in the answers. 

Exer, 61. 

By multiplying the numerators and denominators of the first 
and third fractions hy ^/(l -\-x), and those of the second and 
fourth hy \/{l — s), we find the numerator of the dividend to he 
^a, and that of the divisor 2, each having the denominator 
v^(l-- d?^). Then the answer is got hy neglecting the common 
denominator, and dividing the numerator of the dividend hy that 
of the divisor. 

Exer. 62. 

1 1 
Divide the numerator and denominator hy d^—x^, their com- 
mon measure. 



(Algeura, p. 89) &c,) 

Exer, 63. 

By transposing jf—3, and squaring the members of the result- 
ing equation, we get 4ar2 — Sjp — 4=4^7^ — 4a: -fl : and hence we 
readily find x^5, 

Exer. 64. 

To resolve this equation, transpose bx, square, &c. 

Exer. 65. 
Transpose of-i a, square, &c. 

Exer. 70. 
Divide hy a+&— c, and square the results. 

Exer. 71. 



By transposing v^So?, squaring the memhers of the result, and 
rejecting 2ar, we get —Sa^QO'—^ ^^ax. Then, by transposing 
— 6^2aj: and ^3a, dividing by 6, squaring, &c., we get x=2a. 
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Exer. 72. 
By multiplying both members of the equation by ^a and 
^a: — V«> we get ^/<m7+ ^ab= v'ftx— ^/ab ; whence^ by trans- 
position, v^odT— ^6x=— 2v^ad: and from this the answer is 
obtained by dividing by ^/a^^b, and squaring the quotients. 



Exer. 73. 
By multiplying by 56+ <%/# and 5+ ^m, we get^ 

Hence, rejecting z from each member, transposing 2a ^x^ 3b ^x, 
and 4a&, and diWding by 2, we get a/\/;r— &/v/:r^a6; and the 
answer is found by dividhig by a -6 and squaring the quotients. 



Exer. 74. 
By squaring both members, we get 

Then, by rejecting x, dividing by 4^ and transposing, we obtain 
^(6a?-f a:2)=a:— a+6.* From this, by squaring both members, 
we get 

64r + ar2=^2-2£M7+26a? + aa+6^— 2aft; 

and thence, by rejecting x^, transposing, &c., 

2ax-bx=a^—2ab-\-b'^=(a'-by^ or (6-a)2 ; 

and the value of x is found by dividing by 2a— 6. 

Exer. 75. 

Square both members and transpose 13. Then square both 
members of the resulting equation, and transpose 7* Lastly, 
square both members of the equation thus obtained, and transpose 
3, &c 

* Or ^/(bx + x^)=:x^(a — h). Hence by squaring both members, 
and rejecting x^, we get 

whence the answer is readily obtained by transposing — 2(a— 6)x', or 
— 2ax + Sbx, &c. 
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Exer. 76. 

By multiplying both members by ^/(x^d) and \/(je-\-a), and 
contracting, we get 2x=^b^/(ai^—a^); and by squaring^ we 
obtain 4^^=6^3:2 — 0*6^. Hence, by transposition, we have 
J2^2— 4a72=o262 . and the answer is found by dividing by 6^ — 4, 
and extracting the square root. 

Exer. 77. 

By squaring both members, contracting, r^ecting 2a^, and di- 
viding by 2, we obtain x'*— ^(x^^a^x^-\-a^^=:—b^. Hence, 
by transposition, x^'\-b'^=\/(a^ — a'^x^-{-a^) ; and the answer is 
readily found, by squaring, &c., to be 



INVOLUTION, EVOLUTION, &c. 

(Algebra, p. 9^*) 

Exer, 5. 
^ -j- 4x3 - 8ar + 4(J72 -f 2x - 2 



2^ + 2:c)4j73 

9.x ^x^ + 4x2 

2^2-|-4a:-2)-4x2-8x-|-4 

— 4x'- — 8x + 4 



Or thus : 

1 4 0-8 4(12-2 
1 



2)4 
2 4 4 



4 -2)-4 -8 4 
-4 -8 4 
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Exer, 6. 

affi + 8ar> - 80a?3 + 1280^ 4- 64(4r« + 4«* - 8x - 8 
_«« 

2d7«+4dP«~)"8S^ 

2^4-8^2 - 8a: ) - l6a^ - 80x3 
-Sx - 16^-64*3+^54^ 

2*3 + 8^-. l6a:-.8 ) — l6x3-64ar*^+128j?-f-64 

- 16x3 - 64j?2 h- 128j? + 64 







Or thus: 



18 -80 128 64(1 4 -8 -8 
1 

2 4)8 
^ 8 16 

2 8 -8)-l6 -80 
-8 -16 -64 64 

2 8-16 -8)-l6 -64 128 64 

-16 -64 128 64 










1 






Exer, 7. 




i+'O+l- 


^2 

-8' *•" 




1 




, 


2 


+ 1" 








-- 


4 




2+-^- ) - 

'8' 


"4 

_X2 

4 ' 


dr3^x* 
8 U'4 



i«t2 ivio im4 

4 ' 8 64 
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The root of 1 —a? will be the same^ except that the odd powa 
of X will have the opposite signs. 



By detached coefficients: 

1 



2 ^ 

1 1 1 

2 4 



S'' 4 



1 _i _i 2. 

8 4 8 64 



1 -1 1) 1 -i. 
4 16^ 8 64 



1 1 J_ _1^ J_ 

IB 8 16 64 256 



4 8 ^ 64 64 25tf 



(Aloebra^ p. 97.) 



Exer, 8. 

64a:«-288ar> + 1080^-1458:c-729(4a:2-6a?-9 
64a?^ 

48a:^ ) -288a:g 

64a?g-288a:^-f 432a:*~ 2l6a^ =(4j?« - Gx)^ 

48^) -ifSSx^ 

We then find by cubing 4^^— 6d7— 9> that it answers. 
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Exer, 9. 

Here the fifth foot of the first term is So;. Taking the fourth 
power of this, and multiplying it by 5, we get 405a^. Lastly, 
divide — 810ar^ by this, and the quotient is —2a, the remaining 
term of the root ; and by actually raising 3x— 2a to the fifth 
power, it is found to answer. 

According to what is pointed out in the note. Algebra, p. 97'> 
the root would be found simply by taking the fifth roots of the 
first and last of the given terms. 



(Algebra, p. 100.) 
Exer, 10. 



2a-f36>v/~l 
So— 26vJ^l_ 
6a2+Oa6^^ 

602 + 506^"^ + 662 



Eocer. IL 






a6v/--l— 6^ 
«2 + 2a6jv/-^ — 62=2d power 



fl3+2a26V— 1-06^ 

o3 + 3a26 ^^^1 -.3062-63 ^ZI\ 
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Exer, 12. 

2-^/— 1 



1-2,/- 
l->2,/- 


» I 




1-2^- 
-2,/- 


» 1 MBVi 


-4 


-3-4,/- 
-3-4^/- 


• 1 2^ 


=2dp 


9+12v/' 
-hl2v/' 


-1 
-1 


-16 



4-2/-1 
-2v^-l--l 

3— 4v/^l=2d power. 
3—4^— 1 



9-12^-1 



— 12,/ — 1 — 16 
— 7-l-24^^^=4th power. — 7-24^^=4th power. 



Exer. 13. 
— ^— ^ V— 3=2d power. 



In the second part the work will be the same^ except the 
difference of a few signs. 



Exer. 14. 

In the first part, multiply the numerator and denominator 
each by l-f-//- 1, and con tract In like manner, in the 
second multiply by a + 6 ^^z — 1 , 
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Exer. 15. 

252 is equal to 242-7^x — 1 ;_and therefore (§ 57.) it is 

equal to (24 + 7 V'--l)(24— 7 a/— 1). J[^ is also equal to 

72_24«x-l, or (§ 57.) to (7 + 24^/^)(7-24>v/~l). 
According to the second expression in the question, it is likewise 
equal to 15*— 202x —1, or to 202-152x —1 ; and hence the 
two remaining answers will be found by { 57. 



Exer. l6. 

By either of the methods given in }} 81. and 82., we find the 
greatest common measure of the numerator and denominator to 
be 2a:— a. Then, if the numerator and denominator be divided 

by this, the fraction becomes ~— — ; the value of which, when 

3a: 4- a 

x^=.\a, is 1* 

Exer. 17. 

Here, by either method, the common measure is found to be 
w — S; and by (fividing the numerator and denominator by this. 



we get 



^+1 



a: -1-2 



; the value of which, when 07=3, is -. 



Exer, 18. 



By means of the operation in the margin, which proceeds 
according to { 82., the 



12 —25 
If) —13 
48 —39 

"25 



9 
9 



S6 

S6 -75 



39 




27 



greatest common measure 
is found to be 4a:— 3. 
When the numerator and 
denominator are divided 
by this, they become re- 
spectively Sx^ — 4ar — 3 
and4^2 + 3ar-l. Then, 100-39-27 

by taking x= J, the first 900 6'25 -975 . . 
becomes - -f^, and the 900 —351 -243 . . 
second ^ or ff ; and the 244) 97f) -732 
answer is found by dU 4—3 

▼iding the former by the latter. 



3 



. .. m • 



(«) 

(ft) 
(«)X 

(«) 

(a)x 

(rf) 
(c)x25 

(d)x 9 
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Exer. 19. 

According to { 6*0, 2: + a is a common measure of the nume- 
rator and denominator ; and, dividing them successively by this, 
we obtain as quotients j?* — ax^ -f- arx^-^a^a; + «*> and a^^ax +a*. 
Then, by substituting— a for x, we get 5a^ and 3a^ ; and the 
answer is obtained by dividing the former of these by the latter. 



Exer. 20. 

The numerator and denominator may be put under the forms 
(4ir3— 4^2)_(ar2-.l), and (4^-4ar2)-|.(4a:2— 4a:)— (ar— I), 
each of which ({ 58.) is divisible by 47 — 1. Dividing by this, 
therefore, we get 4^2 — (a: + 1), and 4ix^-^4sx—l ; the first of 
which becomes 2 and the second 7> by taking x=^l. 

The work by means of the co- 4 •— 5 1 ... (a) 

eflScients, as in the margin, is very 4 — 5 1 ... (6) 
easy, and it gives x — 1 as com- 5)5 — 5 
mon measure, as before. i~ir~l 



Exer, 21. 

In addition to what is stated in the note in p. 105. of the 
Algebra, it is easy to find ({ 6O. 81. or 82.), that the greatest 
common measure of the numerator and denominator is 22: — 3a. 
Dividing both by this, we get ^x^-\'6ax-^ga^ and 22r-f-Sa, as 
the numerator and denominator of the equivalent fraction ; the 
former of which becomes 27a^ and the latter 6a, when a?=^ ; 
and the answer is found by dividing the former of these results 
by the latter. 



Exer. 22. 

Divide the numerator and denominator by x. Then^ by taking 
a=0 in the results, the numerator becomes 1, and the deno- 
minator 0; and, therefore (§ 12?.)* ^^^ value of the fraction is 
infinite. 
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ARITHMETICAL AND GEOMETRICAL 
PROGRESSIONS. 

(Algebra, p. 108.) 

Exer, 1. 

Here «i=S, and d— 2; and therefore (§ 131.) /,j,=3+9x2 
=21, and «,5o=3 + 149x2=301. 

Exer, 2. 

Here ^, = 100, and d=-2; then (§ 131.) 
^47=100+46x —2=8, and «6o=l^ + 59x — 2 = - 18. 

Exer, 3. 
In this exercise we have (i=3, ^i=4, and /.=85 ; and 

therefore (J 131.) «= ^T—? +1 = 28. 



Exer. 4. 
Here we have evidently ^1 = 1, ^37=100, and n=37 ; and, 

therefore (§ 131.), d= ^—^7- = ^. 

-Ea;er. 5. 

The extremes ii the first part are 1 and 1000^ and the 
number of terms is 1000 ; and, therefore ({ 133.), the sum is 
500 ( 1 + 1000) = 500,500. In the second part we have n= 1000, 
^j = l, and <i=2 ; and therefore ({ 133.) 

*iooo=1000 X 1 + 500 X 999 x 2=1,000,000. 
This latter answer, according to Exam. 6., would be found at 
once by squaring 1000. 

Exer, 6. 

Here «i = 50, rf=-l, and ?*=101. Hence (} 133.) 
*ioi=101 x50+ix 101 xlOOx -1=0. 

D 2 
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Exer, 7. 

Here <i =3, and d=2 ; and, therefore (§ 133.)^ 

*,=nx3+^» (/i-l)x2=3ii + n2— »=n2 + 2ji. 

^ojcr. 8. 

In this question, to find the number of steps, we have the ex- 
tremes 1 and 884, and the number of terms 884. Hence (} 133.) 
the required sum is half the product of 884 and 885, or the 
product of 442 and 885, that is 391,170. Now, by halving this 
we get 195,585, the entire number of feet ascended, since each 
step is supposed to be half a foot in height ; and, dividing this by 
5280, the feet in a mile, we get 37 miles, with 225 feet re- 
maining, the whole height ascended or descended. Lastly, the 
breadth of each step being supposed to be 14 inches, the horizontal 
movement for each step in both ascent and descent will be the 
double of this, or 2^ feet. To find the remaining answer, there- 
fore, we multiply 391,170 by 2 J, and divide the product by 
5280. 

Exer. 9. 

For the first 20 years, we have ^i=£lOO, d=£l00, and 
71=20 ; and, therefore (§ 133.), «20=20 X 100+ 10 x 19 x 100 
=21,000, his gain during this period. For the second 20 years, 
we have ^i = £200, d=£200, and n=20; and, consequently, 
the sum of the series will be 42,000, the double of die last. 
Adding together, therefore, his original capital and the two gains 
thus found, we have for his whole fortune at the end of the forty 
years, £1000 + £2 1 ,000 +£42,000 =£64,000. 



GEOMETRICAL PROGRESSION. 
(Algebra, p. 114.) 

Exer, 1. 

Here <i = l andr=4; and therefore, by (a) { 137.> *$ 
46-1 ^ 4096-1 ^ g 

4—18 
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Exer, 2. 

We have here «i= 3 and r= 2. Now 2^6=65536; and by 
taking 1 from this, multiplying the remainder by 3(=/i), and 
dividing the product by J( = r — 1), we get, according to } 137. 
(a), the answer. 

Exer. 3. 
Here *i=^ and r^=S ; and therefore, by (a) § 137., *7= 

Exer, 4. 

In this exercise we have ^1=7 ; and, by dividing the second 
term by the first, or the third by the second, we get r = 4. 
Hence, by {a) \ 137., to find the sum of eight terms, we 
raise ^ to the eighth power, which is found to be ^/t^t^. Then, 
taking l(=f^) from this, dividing the remainder by K==^~" 0* 
and multiplying the result by f(=^j), we get the answer. 

Exer, 5. 

Here ^i=f, and »•=§ ; and therefore, by (6) } 137.> by 
raising ^ to the eighth power, taking the result from 1, dividing 
the remainder by ^ = 1 — |^), and multiplying what is thus 
obtained by ^^fj), we get the answer to the first part. To 
get the answer to the second part, we divide^ according to (c) 

ji38.,K=<i)byi(=i-'-)- 

Exer, 6. 

In this exercise we have ^j=^=l*l and r=^=l*l. Now, 
the sixth power of 1*1 is 1*7 7 156 1. Taking I from this, and 
dividing the remainder by 0*1(=1*1 — 1), we get 7*7l56l, the 
product of which by 1*1 is the answer. 

Exer, 7. 
Here <i = Tf and r=^. Then, the sixth power of -^ is 
IttiHi ' *"*^ *^® ^"* answer is found by taking this hoia 
1, dividing the remainder by -^ = 1 — 1.0.)^ and multiplying the 
result by the first term \\, To find the second answer, we 
dimply divide, according to (c) { 138.^ the first term \^ by 

D 3 
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Exer. 8. 

Here ^1=3^; and r=— f, as is found by dividing any tenn 
by the one preceding it Then, the fifth power of — ^ being 



^V we have, by (b) § 137., *5= ^#1^ = ^AA 



j-l-I ^^' 



the 



1- 

first answer. The second^ according to (c) } 138., is found by 
dividing ^ by |^.» 

Exer. 9. 

In this exercise we have ^i = l and r=— 2 = 2x( — 1). 
Hence r"=2'»x( — 1)**, and I — r^l-|-2=3; and the answer 
is found by means of } 137. (b). 

Exer. 10. 

Here ^i=^andr=— ^. The fourth power of the latter is 
fi5Qi ; and then, according to { 137* formula (b), we take this 
from 1, and we divide the remainder by V = l— (— ^); and, 
lastly, we multiply the quotient by ^(=/j), to find the first 
answer. To obtain the second, we divide, according to } 138. 
formula (c), ^ by ^^. 

Exer. 11. 

In this question we have <i=l farthing, and r= 2. Now, 
the twentieth power of 2 is readily found to be 1,048,576 ; and 
from this, by { 137. formula (a), we find the answer to be 
1,048,575 farthings, which may be reduced in the usual way. 

Exer. 12. 

Here we have r=3, the twentieth power of which is found 
by multiplication to be 3,486,784,401. Then, according to 
formula (a) § 137., we subtract 1 from this, and divide the 
remainder by 2(=3 — 1), to find the answer in farthings. 

* The sum of this series is evidently the difference of the sums of the 
two series, 

if 4n Jfe» &c., and J, g\, ^, &c., 

carried out to the proper number of terms ; and hence we have another 
means of summing it and similar series, such as those in the next two 
exercises. 
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SIMULTANEOUS EQUATIONS. 
(Algebra, p. 121.) 

Exer. 1. 

First Method. 

x + 3y=il7 (1.) 

3^+y=ll (2.) 

3j7H-9y=51 . . . (I)x3 (3.) 

8y=40 . . . (3)~(2) (4.) 



y=5 .... (4)-i-8 (5. 

ar+15 = 17 ... (1) and (5) (6.) 

x=2^ by transposition. 



Or thus : 



9a:+Sy=:S3 ... (2) X 3 (7.) 

8x=zl6.. . (7)-(l) (8.) 

4?=2 (8)-T-(8) (9.) 

6 + y=n ... (2) and (9) 
y=5, by transposition. 



Second Method. 

ar = 17-3y . . from (l) (10.) 

07=11^ . . . from (2) (11.) 

3 



iJL-zy=i7- 

3 
11— y=51— 9y, &c. 



17-3y . . (11) and (10) . . (12.) 
3 



Or thus : 



y=lIr--?..from(l) (IS.) 

y=zll-3x . from (2) (14.) 

l?Jlf=ll-3j7. (13)and(14) ..(15.) 

17-ar=3S— 9^, &c. 
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Third Method. 

z = 17— 3y . . . from (1) (16.) 

3^=51-9i^. . . (16) X 3 (17.) 

51-9y+y=ll by (2) and (17) (18.) 

&c. &c. 

Or thus : 

y=ll -Sof . . . from (2) (I9.) 

3y=33'-9x . . . (19) X 3 (20.) 

X4-33— 9^=17 (1) and (20) (21.) 



Fourth Method, 

mx-^3my=zl7m . . . . (1) xm (22.) 

(m + 3)a: + (3w-|-l)y=17m-Ml . (2) and (22) (23.) 

Sw -1-1=0 (24.) 

m=— ^ . . . (from 24) (25.) 

(-^-1-3)^=17 X —^H- 11 . . (from 23) . . (26.) 

8^=16 (from 26) (27.) 

jr=2 (from 27) 

m-|-3=0, and m= —3. 

(-94-l)y=-5l + ll. . (from 23) (28.) 

y=5 (from 28). 

Otherwise : 

From equations (1) and (2) we get by addition^ and by 
dividing by 4, ar-f y = 7 ; and the answers are easily got by sub- 
tracting the members of this equation from those of (2) and (1) 
successively. 



Hxer, 2. 

First Method. 

a?+3y=13 (1.) 

SJi!-y=9 (2.) 

Sar+9y=39 (1) X 3 (3.) 

10y=S0 (3) -(2) 

y=3, by division (4.) 

j: -1-9=13, from (1) and (4). 
x=4, by transposition. 
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Or thus : 

9x-Sy=27 ... (2) X 3 (5.) 

10;r=;40, by adding (1) and (5) 
x=4, by division. 

Second Method. 
x^lS—Sy . . from (1) . . - (6.) 

jr= ^ . . . from (2) . . . (7.) 

?^=13-Sy . . (6) and (7) . (S.) 
3 

Hence, by multiplying by 3, &c. we get y =3 ; and thence ^ir is 
found from (6) or (7). ' 

In following this method we might have found values of y, 
instead of finding those of a. 

Third Method. 

By trebh'ng the members of (6), we get 3ar=39 — 92^; and 
Ijy substituting this in (2), we obtain 39— 9j^— y=9 ; whence y 
is easily found. 

Fourth Method. 

mx4-3my=13w . . . . (l)xm (9.) 

(m+S>+(3m-l)y=13m+9. • (9) + (2) HO.) 

3m— 1 = 0, and m=^ (11.) 

(i.+3>=V^+9, from (10) and (11) . (12.) 

Hence s is found by multiplying by 3, &c. ; and y may be 
found by taking m4-3=0 in (10).* 



Ewer. 3. 

First Method. 
ar + ^=l6 (1.) 



k-iy=i (2.) 

2x^y=32 (1)X2 (3.) 

te--2y=6 (2) x6 (4.) 



* The solution may also be readily obtained by adding half the sum 
of equations (1) and (2) to equation (2). 

D 5 
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Then^ to find x, add the members of equation (4) to twice 
those of equation (3)^ and divide the result by 7* To find y, 
take the doubles of the members of equation (4) from the trebles 
of those of equation (S), and divide the remainder by 7* 

Second Method, 
From equations (3) and (4) we have x = r, and 

6+2t/ 
X = —~-^9 and the value of y is foimd by equalling these. 

3 

Then x may be found from either of the preceding expressions : 

or from equations (3) and (4) we get y^32 — 2x, and y= 

3^ Q 

— - — ; and x will De found from the equation obtained by 

equalling these. 

Third Method, 

From (3) we get y=32— 2*, and therefore 2y=64 — 4ar; by 
substituting which in (4), we obtain 3a: — 644-4a:=6; and 
thence we get z= 10. 

Fourth Method. 

Multiply the members of(l)bym, and add the result to 
those of (2 ) : then ( w + ^)x -f (^m ~ ^)y = 1 6w + 1 . By taking 
^— ^=0, and consequently m=f, this equation becomes 
(f -1-^)47=^ + 1 ; whence x=i\Q ; while, by faking m+^=0, 
and therefore m=— ^, the same equation becomes (— |: — ^)y= 
— 8-1-1, and gives y = 12. 

Exer, 4. 
First Method, 

f*-4y=i- 00 

f^+|y=26 ....(2.) 

By multiplying each of these by 12, we get 

9x-4y=l2 (S.) 

8ar-f9y = 312 (4.) 

Multiply the members of (3) by 8, and those of (4) by 9 : 

then 

72^-32y=96 (5.) 

72^ + 81^=2808 (6.) 
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Take the upper of these from the lower^ and divide by 113 : 
then 2^=24. To find Xy substitute 24 for y in (3) ; transpose 
and divide by 9- ^^ i^&y &^ ^i^d y by multiplying the 
members of (3) by 9> <uid those of (4) by 4> adding the re- 
sults^ &c. 

Second Method. 

From (3) and (4) we get J7= — i^ and d7= ^-^ » *°d 

9 o 

y will be found from the equation obtained by equalling these 

▼alues of sp. In hke manner from (3) and (4) we should have 

y = ^^"" — , and y = ^^^^^ — ; and a? would be found by 

4 9 

equalling these values of y. 

Third Method. 
From (3) we have s= —f-^ ; and therefore 8^= ^^"*"^^^ . 

Substitute this in (4); then ^^±^ -|.9y=rS12, &c. 

y 

Exer. 5. 

Third Method. 

From the first equation x=27--y, and therefore 2x=:54f—2y. 
By substituting this value of 2a: in the second equation^ we get 

— "" y~y — ^y=6, or 18— y— ^y=6; whence y is easily 

found. 

-Ed?cr. 6. 

From the first equation^ by multiplying by 3 and dividing by 
2, we get 2x-|-y= 33 ; while, by multiplying by 5 and dividing 
by 3, we get from the second a:-f y=20. Take the members of 
this from those of the one formerly obtained ; then a: =13. The 
rest is easy. 

Exer. 7. 

By freeing the equations of fractions, &c. we get 4a?— 3y=4, 
and 3x-\'y=3, Multiply the members of the latter by 3, and 

D 6 
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add the results to the former: then lSjr= 13 ; whence :r=l • 
and, hy suhstituting this in either of the former, we get y=o! 
The same would he ohtained hy multiplying the first of the 
equations found ahove hy 3, and the second hy 4, and takine the 
first result from the second ; as we should thus get 1 3y=0 and 
therefore y=0. * 

Exer, 8. 

By multiplying the first equation hy 6, we get 3x 3 — 

(2y+2)=6, and thence 3d7-2y=ll. From the second equa- 
tion, in like manner, hy multiplying hy 12, transposing and con- 
tracting, we ohtain 4ar + 3y=43. Then, to employ the fourth 
method, we may multiply the memhers of the former of these 
equations hy w, and hy adding the members of the second to the 
results, we get 

{Sm-\- 4>— (2m— 3)i^==llm + 43. 
This, by taking 2m— 3=0, and consequently m z=. ?, becomes 

/"? -H 4'J4?= -— +43; whence, hy multiplying by 2, &c we 

readily find ar = 7. 

The same equation, again, hy taking 3m + 4=0, and con- 

4 ^ 8 \ 44 

sequently m= — -, becomes - f — - — 3 J y=s — -|-43^ or 

by multiplying by 3, (8 +9)y= 129-44 ; whence y=5. 

Exer, 9. 

By clearing the second equation of fractions, transposing, &c., 
we get \ly=lx ; whence, hy dividing hy 11 and multiplying by 

5, we obtain 5y= — . Then, by suhstituting this in the first 
equation, and hy easy operations, we find ar=ll. 

Exer, 10- 



we 
hers 



bers ot ine seconu equativu y»/u. -jr — -/^ - o— -— — »^ , 
and therefore a?-^=2, and 07=^. Then, by substituting 2 for 
«-i in the first equation, we find y-^=3, and consequently 
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Exer, 11. 

By freeing the given equations of fractions^ &c.^ we obtain 

7a: + 2y=S0, and Sj:-|-l()y=38. 

Then^ by taking the members of the second from 5 times those of 
the first, we get 32j7=112; whence x=3^; and the first of the 

equations found above gives y= — - — =2 J. 



Exer. 12. 

By clearing the given equations of fractions, &c., we get 
2jp— Sy=— 5, and x+3y=20. Hence, by addition, we have 
3x=15, and therefore ;r=5. The finding of y presents no dif- 
ficulty. 

Exer, 13. 

By multiplying the first equation by 3, and the second by 4, 
and by transposing, &c., we obtain 3j7 — 2y= — 6, and — 3j;+4y 
=24 ; whence, by adding, we have 2y= 18, and therefore y=9» 
Having thus found y, we can readily find x from either of the 
foregoing equations, or from either of the given ones, particularly 
the first. 

Exer, 14. 

By multiplying die members of the first of the given equations 
by 2 and 5, and those of the second by 4 ; by transposing, &c., 
we get 

d7-f-7y=40, and -3d7-3y= — 24; 

the latter of which, by dividing by — 3, becomes a?-|-y=8. By 
taking the members of this last equation from those otx-{- 7j(=40, 
we obtain 6y=32 ; and therefore y=5^. Lastly, by taking this 
from 8, we get «=2f . 

Exer, 15. 

Multiply the members of the second equation by a, and firom 
the results subtract the members of the first, and there will re- 
main (a^— l)ar=(ic— 6; and the value of x is then found by 
dividing by a^— 1. In like manner, to find y, multiply the 
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members of the first by a, from the results take the mmnbers of 
the second, and divide by a^ — 1 . 

The solution may also be readily obtained by substituting 1 for 
fl] and for b^, a for &j, and for 02, b for Cj^ and c for C2, in the 
values found for jp and y in the Aloebra, p. 117*9 ^nd changing 
the signs in the numerators and denominators. 



Eser, 16. 

By clearing the given equations of fractions^ transposing^ &c.^ 
we get 4^ 4-%= 100, and T^r + ^y— 150. Hence the solution 
may be effected by any of the usual methods. 

Eaer. 17. 

By transposing — 1 in each of the given equations^ the second 
members will become ^ + 1 &nd y-\-l ; and then by squaring, 
transposing^ and dividing the first by —2, we get a:— y= — 1, 
and 3ir— 2j(=l : whence the values of a; and y may be readily 
found by any of the common methods. 

Exer. 18. 

The second equation is the same as flar + a'«2?4-^y4-6'y=c-f-c'; 
and by taking from the members of this those of the first equa- 
tion, we obtain a'j7-|- b'y^c\ Then, from this and from the first 
equation, the values of a? and </ will be found by any of the usual 
means. They may also be found very easily by means of the 
formulas (6) and (10) in the Algebra, p. 117. 

Exer, 19. 

By multiplying by h in the first equation, and by 6^ in the 
second, we obtain 

abx-{-y^bc, and 
a b X -\-y=.b c . 

Taking the latter from the former we get 

(a5— aV)a?=6c-6V; 

and the value of w is found by dividing by ab—a'b'y The value 
of y is easily obtained by multiplying the first of the equations 
found above by a'b\ and the second by ab : then, by subtraction. 
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we get (ab—a'b^y^^abbV-^aWe ; and the required value is 
got by diyiding by ab—a'b^. 

The aDswers might also be obtained from the values of a and y 
found in Exam. 2. p. 117* 



Algebra^ p. 124. 

Exer. 20. 

By doubling and trebling the members of the first equation, and 
taking from the first results the members of the second equation, 
and from the others those of the third, we get 7y+2af=49, and 
2y + 145f=108, or y+75?=54. From these two equations^ the 
values of y and z will be found by any of the usual methods ; and 
the value of ai will be found from the first of the given equations 
by transposition. 

The solution may also be easily effected by the method of sub- 
stitution; as, by the first equation, we have a:=34— 2y— Sar. 
Then, by doubling and trebling these equals, and by substituting 
the second member of the first result for 2x in the second equa- 
tion, and the second member of the other for Sjd in the third^ two 
equations will be obtained containing only y and z. 

Exer, 21. 

By doubling the members of the first equation, and adding 
those of the second equation to the results, we get ISo;— 5y=120. 
Again, by trebling the members of the first equation, and doubling 
those of the third, and taking the second results from the first, 
we obtain ll:r— 2^=106. We have thus got two equations 
which contain only a and y^ and which may therefore be resolved 
in any of the usual ways. 

Exer. 22. 

This exercise may be easily solved in different ways. Thus, 
to eliminate z, we get from the first and third equations, by ad- 
dition, 5ir-f-4j(=13 j and, from the second and twice the first, 
we obtain by subtraction, x^Sy=i^5 ; whence x and y may 
be found. 
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If we wish to eliminate y, we may add the first and second 
equations ; and also the third and three times the second. 

Lastly, X may he eliminated hy taking the second equation 
from tlie trehb of the first, and the fourth from its quadruple. 

By the method of substitution an expression may be found for 
either x, y, or z from the first equation and substituted in the 
others. 

By the method of comparison, values of x, y, or « (particularly 
of y or x) may be easily found from the three given equations. 
Then by equalling two of these values, and also by equalling one 
of these two to the remaining one, two equations will be found 
containing only two unknown quantities. 

The solution may also be readily effected by the fourth 
method (Aloebra, {} 145. and 147*)> though perhaps not 
quite so easily as by the other methods. 

Exer, 23. 

Out of the various ways in which this question may be solved, 
the following is very simple. Subtract the double of the second 
equation from the first, and there will result 

whence by transposition, &c., ^y-^^z:=S, Again, by taking 
twice the third equation from the second, we get jer=23 — 5y: 
and from these two equations the values of y and z are easily 
found. 



Algebra, p. 126. 

Exer. 24. 
By dividing the members of the second equation by those of 

the first, there is obtained (Aloebra, { 57*) x~^=-. Then, 

a 

from this equation and the first of the given ones, the values of x 

and y are obtained by means of } 52., Algebra, p. 44. 

Exer, 25. 

The two equations give, by subtraction, 2a?— 4y=2; and 
from this and the first of the given equations, we get by another 
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subtraction^ x:=3. Lastly^ from the equation found above^ we 
have y=^(jr— 1) = 1. • 

We should also get a at once by doubling the members of the 
first equation^ and taking from the results those of the second. 

Exer. 26. 

From the three given equations we obtain^ by addition^ and 
by dividing by 2, 

where s = ^a -h 6 -h c). Then, by subtracting the third, the second, 
and the first of the given equations successively from the result 
just obtained, and taking the reciprocals of the remainders, we 
' get the values of x, y, and z, 

Exer, 27. 

Take the first equation from the second, and the second from 
the third, and there will remain 

y-f.2«=ll, and y + SiJf=15. 

Then, by taking the first of these results from the second, we 
get j8r=:4; and from the first of the same results, we have 
y=ll— 2»=3. Lastly, from the first of the given equations, 
we have a?=9— y— 5f=2. 

The question might also be solved by taking the double of the 
second equation from the sum of the first and third, as x would 
thus be obtained at once. Then y would be found by taking the 
first equation from the second, substituting for z its value, &c. 

Exer, 28. 

The continual product of the members of the three equations is 

111 
w^y^z^=ahc: whence xyz=(ji^h^(^. Then, if the members of 

the three given equations be successively divided by the equals just 

found, the quotients will be the values of x, y, and z, 

Exer, 29. 

From the given equations we obtain, by addition, and by di- 
viding by 2, J7+y+^+v=^* Then the answers are found by 
taking, successively, from these equals the given equations, and 
halving the remainders. 
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Algebra^ p. 132. 

Exer. SO. 

Here, according to the notation in the question^ we have 

x^=my, and 4?+a=n(y + 6)=ny-|-n6. 

Then^ hy suhstituting my for x in the second of these, bj trans* 
posing ny and a, and by dividing by m—n, we find 

y= — 11^ ; and, consequently, x (^my) = -i — ^^. 
m—n m—n 

Now, these values of a and j( are in their lowest terms ; and as 
they become vanishing fractions, when m=:n, and nb=a, the 
question (Alg., } 129.) is indeterminate. In that case, in fact, 
diere is but one independent equation, the members of the second 
becoming identical, since x=my or ny, and a^nb. It will be 
seen, too, that in the same case, the quantities of rum and water 
added are exactly proportional to the original quantities. 

Again, in the case in which m=n, but nb not equal to a, we 
shall have the numerators of the values of x and y finite quantitiei^ 
and the denominators each = 0; and therefore (Alo., } 127.) the 
values of x and y are infinite. In this case, therefore, the question 
is impossible. 

When X and y come out negative, the second of the original 
equations becomes — ar + a=— »«4-n6, or, by changing the signs, 
x—a=.ny—nb; which shows, that x and y being the original 
quantities, a and h are subtracted. 

This question and its solution will be well illustrated by means 
of numbers. Thus by taking m=10, a=4!, 6=1, and n=9, 
we should have x=50, and y=5. Again, if m=n= 10, a^20, 
and 6=2, x might be taken of any value, and y one tenth of it 
Thus J7=30, and t/=3, would be found to answer; as would also 
ar = 50 and y=5. 

If, however, m=n=:10, a = 20, and 6=3, we should have y= 

-—-=00, and a?= — =oo ; so that no finite values of «? andy 

will answer to these data. The greater x and y are, however, 
the more nearly will they satisfy the question. Thus, if x^lOOO 
and y=100, the additions of a and 6 will give 1020 and 103 ; the 
tenth part of the first of which differs from the second by 1 ; 
while if jr= 1^000,000 and ^=100,000, the same additions will 
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give 1^000,020 and 100,003, in which also the tenth of the fonner 
differs from the latter bv 1. In the first case, therefore, there is 
an error of 1 in 102, while, in the latter, there is only the same 
error in 100,002. 

The case in which x and y come out negative, will be iUustrated 
by taking m=10, n^9y a=20, and 6=1 ; as ^ would be found 
to be — 110andj(= — 11. Now these will be answers to the 
question in which the original quantities of rum and water were 
110 and 11 gallons^ and in which the fonner is ditninisJied by 20 
gallons and the latter by 1 j as the one remainder, 90, is nine times 
the other, 10. 

Exer, 31. 

Let .. be the required fraction. Then, by the question, 

1 x+l 3 

=:-, and = - : and the values of x and y are easily found by 

2 y 5 

clearing these equations of fractions, and by resolving the equations 
so obtainecL 

The following general solution will comprehend that of this 
particular question, as well as those of all similar questions. As- 
sume 

— ■ — =c, and — - — ?=Cq. 
y^b y^-h^ ^ 

Then, by multiplying by the denominators, we get 

X -f- a-=cy + he ( 1 ) 

and 3:4-02=02^-1- 62*^2 (^)* 

To eliminate x, subtract the latter from the former : then 

a— a2=(c — c^y-^hc—h^c^. 

Hence, by taking the second member first, transposing hc—h^c^ 
and dividing by c— C2, we get 

a— fltg— (6c— 62C2) 

y • 

The value of x may be obtained by substituting in either of the 
equations (1) and (2), the value just found for y, and resolving 
the result for x: or it may be found, perhaps more easily, by mul- 
tiplying the members of equation (1) by C2, and those of equation 
(2) by e, by subtracting the first results from the second, and by 
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resolving the equation so obtained for x. By this means we get 

C — Cj 

In the present exercise we have a=0^ o^^^l, 6s=l, ft^^O^ 

I 3 

« =-, and C2 = - ; and, by substituting these in the general values 

of X and j(^ we find ar=8^ and ^=: 15. 



ExcT, 32. 

Here we have --\ , = - , and = ; and the values of x and 

y+1 2 y— 1 3 

y are easily obtained by clearing the equations of fractions, &c 

The solution will be readily obtained from the general values of 

X and y found in the last exercise by taking a =. 1^6= l^ a^ =^ — 1, 

6q= — 1, c= --, and Cq"=--. 
^ '2 * 3 



J&xer. S3. 

Here, putting x to denote the money of the first person, and y 
that of the second, we have 

^+iy=100, and -ar+y=100; 
2 3 

the resolution of which equations presents no difficulty. 

The solution might also be effected by the assmnption of only 
one unknown quantity, but scarcely so simply. 

A general solution would be had by assuming - =a, i^ft, the 

first amount (here £100) =^c, and the second (here also j£lOO)= 
c^ : and we should thus get 

c — flM?« J Co — he 
j?= % and y=-^^ . 

1— a6 1— aft 



* It will be of some interest to consider and interpret the values of x 
and y, which will be obtained, when the given numbers have some pecu- 
liar relations, such as when cssc,, &c. 
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Ejcer, S4. 

If « be the common difference^ the three numbers will be r^ 
presented by a — x, a, and a-^x: and, by the question, 

(o— x) (o-|- J?), or a2«_j»2_-j . 

whence ar= >v/(a^ -fr) ; and the extremes are found at once. 

It is plain, that if h, the product of the extremes, be greater 
than a^, the square of the mean, the radical will be imaginary, and 
the question absurd. It appears also, that the square of the mean 
is equal to the product of the extremes together with the square 
of the common difference. 

Exer, 35* 

Denoting the numbers by a — x, a, and a-\-x, we have, in the 
first part of the exercise^ 

(a— a7)2 + (a+^)^=6, or 2a^-\-2a;^=b; 
whence, by transposition, by division by 3, &c., we obtain ^= 
js/(^^b-'a^) ; and we find the extremes by taking the difierence 
and sum of this and the mean. In this part of the exercise, it is 
plain that a^ must not exceed ^6. 
In solving the second part, we have 

(a'{-x)^—(a—xy=b, or 4ax=6/ 

whence x is easily found, and thence the extremes. 

In this part, it is plain that the results can never be imaginary. 

If, however, — be greater than a, the first extreme would be ne- 
4a 

gative ; and therefore the data would not be such as to answer a 

question of the ordinary arithmetical kind. We should have an 

instance of this, if a=:2 and 6=40; as the extremes would be 

found to be —3 and 7> and consequently the three numbers 

would be —3, 2, and 7. 

Exer. 36, 

In questions regarding an even number of quantities in arith- 
metical progression, it is often advantageous to assume characters 
to denote half the common difference, and half the sum of the 
extremes (or of any two terms equally distant from them). In 
this way, we shall have in the present exercise x — 3y, x — y, x-\-y, 
and X -f 3y, to represent the numbers. Then, by the question. 
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(:p— Syy+(x + Sy)2=a, or 2a:2 + 18y2=a, and 
(^-y)-^+(^+y)^=6, or 2x2 + 2^2=6. 
From these two equations we get, by subtraction, l^jf*=a— 6, 
and thence y=\j\/(a'—b). Again, by taking the first equation 
from 9 times the second, we obtain l6a?2=96— a, and thence 
a?=^<v/(96— a) ; and from these values of 47 and y, the answen 
are easily found. From considering the values of y and x, it will 
be seen, that a cannot be less than b nor greater than Qb, 

Exer. 37. 

Adopting the same notation as in the last exercise, we have 
(ar + 3y)2— (ar— 3y)2=a, or 12jry=a, and 
(^4-y)^ — (^--y)^=^ or 4ary=6. 
Now multiplying the latter of these by 3, we get \^a!y^=.Sb ; and 
therefore a is necessarily equal to 3b, whatever may be the values 
of X and y. We have thus, therefore, in reality, only one equa- 
tion for determining x and y, so that they may have any vidues 
whatever, provided 12 times their product be equal to a, or 4 times 
the same equal to b. 

As an example, suppose b= 144, and a=432, then the fourth 
of b being 36, we may take xz=36 and y=l, and the numbers 
will be 33, 35, 37, and 39 ; which will be found to answer, as 
the difierence of the squares of 33 and 39 is 432, while the dif- 
ference of the squares of 35 and 37 is 144. We might take also 
2:=. 18, and y=^ ; and we should find the terms to be 12, 1 6, 20} 
24, which would answer equally. 

If we were to take, however, ^=21 and y=2, the product of 
which is not 36, the terms found from these, 15, 19> 23, and 27> 
would not answer as 272— 152= 504, and 232- 192=168, which 
are not the values of a and b. 



Exer, 33, 

Here(ar— 3y)+(^— y)+(arH-y) + (4?+3y)=a, or 

4a7=a, and therefore ar=^. Also 

(j:-Sy)2+(^-y)H(^+y)H(^+3y)3=6, or 

4ar2+20y2=6. 

By substituting in this \a for x, and -by transposition, we get 
20|/2=6— Ja2. whence 80y2--4^_a2, xhen, by dividing by 
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80(=l6x5)9 and extracting the aquare root, we obtain y = 
-j^ . After this, the answera are found by properly com- 

biiimg the valuea of x and y. 

It may be remarked, that (Algebra, } 107*) the valuea of y 
might also be expressed thus y=:^ ^(206— 50^); and that a^ 
cannot be greater than 46. 



Exer. ^^. 

Here (a:+y)2^(dr-3|^)2=o, or 8jry— 8y-=a ; and (a: + Sy)2 
—(4? — y)2=6, or 8ary+8y2=:fr. From these two equations we 
get, by subtraction, l6y*^=6 — a, and therefore y=J/(6 — a). 
From the same equations also we get, by addition, l6xj(=6+a* 
Dividing these equals by l6y, and its equal 4^(6— a), we get 

x=: "^ -. Lastiy, putting the value of y under the form 

4 y,f\b — a) 

"" , we readily find the values of x — Sy, x—y, &c. to be 



4V(6-a) 

the same as those given in the Answer to the £xercise. 

Exer. 40. 

It ia plain that the length of time before twelve o'clock, at 
which the hands must have been last together, will be rather more 
than an hour ; as, at 11 o'clock the hour hand points to 1 1 and 
the minute hand to 12, the minute hand having recently passed 
the hour hand. Let this time be x ; then the space described by 
the minute hand in the same time will be I2x, as it moves with 
twelve times the rapidity of the hour hand, describing an entire 
circuit while the hour hand describes only a twelfth part of a 
circuit. Also, in passing from one concourse to another, the mi- 
nute hand must obviously have gained an entire circuit, or 12 
hours. Hence IZx—x, or'lla:=12 hours; and therefore, by 
dividing by 1 1, we get x = l hour 5^ minutes ; so that the hands 
must have been together at 5^ minutes before 1 1 o'clock. 

From the foregoing solution, it is plain, that the interval be- 
tween any two consecutive concourses of the hands is I hour 5^y 
minutes. Being together, therefore, at twelve, they will be 
together at 5^y minutes past one, at lOj^ minutes past two, at 
16yy minutes past three, &c. 
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Exer, 41, 

Let z and y be the numbers^ then ^x—^y=:S, and ^^ +^j^ = 10. 
These equations, when cleared of fractions, may be resolyed in 
any of the ordinary ways. 

Exer. 42. 
Here ^^+^^y=29, and ^a: + |y=21 ; and the solution is easy. 

Exer. 43. 

Here a:+y+af=22, ar+l=y, and 100ar-|-10y-haf-4-297= 
lOOz + 1 0^ + :r. By transposition and contraction, and by division 
^y 99^ the last of these gives z^a:=3; and hence sf=ar+3. 
Then, by substituting x-^l for y^ and ^+3 for z in the first 
equation, we get 3<r+ 4 = 22; whence ;r= 6: and consequently 
y=ar4-l = 7» and z=x-\-3=9. 

Exer. 44. 

Let X be the shillings in one of the bank notes, and y those in 
the other ; then, since there are 2000 shillings in 100 pounds, we 
have 50^ + 38^=2000, and 75x + 17y=2000; the resolution of 
which equations will give x and y. 

Exer, 45. 

Let d7 be the number of days. Then, the spaces in miles tra- 
velled by the first, from day to day, will be 30, 30-1, 30—2, 

30 — (a?— I); and the first term being 30, the last SO— 

(z— 1), and the number of terms x, the sum of the series, diat 
is, the space travelled by the first person, is (Aloebra, }133.) 
30dr— ^ar(ar— 1). Now, by the question, this is equal to 20a:, the 
space travelled by the second person. Putting the two equal, 
therefore, dividing by x, and resolving the equation, we find 
^=21. 

Exer, 46. 

Let z be the lines in the page, and y the average number of 
letters in each line. Then, by the question, (*H-1) (y+l) 
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— djy = 96, and ( jr + 2) (y + 4) — • xy=^ 286. Hence, by perfonn- 
ing the actual multiplication, transposing, contracting, &c., we get 
jr-(- 2^=95, and 2x-f y=139; whence x and y are readily found. 

Exer. 47- 

Let X be the money in pounds which the first person had ori- 
ginally, and y what the other had. Then, by the question, 4r+300 
=S(y + SOO), or 4r + 300=3y + 900; and ar+800=2(y + 800), 
or d7 + 800=2y + 1600 ; and x and y are easily found from these 
equations. 



QUADRATIC EQUATIONS. 

(Algebba, p. 152.) 

Exer. 1. 

By transposing — o^ and 18, we get 2ar^=l62; and from 
this, by dividing by 2, and extracting the square root, we get 
*=±9. 

Exer» 2. 

By multiplying by x, and transposing — a^ and —44, we ob« 
tun 2x^=242; and the answer is obtained by halving these 
equab and extracting the square root. 

Exer, 3. 

By jsquaring both members, we get a^-\-a^=.h'^x^. Hence, hy 
transposing x^, and taking the second member first, we obtain 
6«d?2-ar2—o2^ or (}51.) {h^ — l)j^=a^. The values of x are 
then found by dividing by 6^'— 1, and extracting the square root.* 

* If ft= + l, the value of x is infinite. It is plain, also, that if we 
regard V^—l as a single quantity, we shall have (Algebra, § 107.) x^ 
^aV(6«-l) 
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Exer, 4. 

4. By multiplying both members by ar-fo and x — a, we get 
(a? + a)2+(j:— a)2=6(ar+fl)(ar— a) ; or, by actnal multiplication, 
and by contraction, 2d7*-|-2a*=6ar2— a^ft. Hence, by transposing 
2a:'^ and a^6, and taking the second member first, we obtain hsfi^ 
2a:2=a25^2a2, or (Aloebba, §51.) (6— 2>»=a2(6-|-2) ; and 
the answer is found by dividing by 6^2, and extractiiig the 
square root.* 

Eofer, 5. 

Here, for removing the fractions, we must multiply by a, by 
X'\- A/(2a2— 07^), and by a?— ^/i^c?- — m^\ Hence the first member 
becomes the product of a^ into the sum oi x— ^/(2a^—a^^ and 
a:+ A/(2a2 — ^^2), which is 2ar; it is therefore simply 2d^x, The 
second member, again, is found by multiplying w into the product 
of 07— A/(2a2— j?2^^ and a7+>v/(2a2-— «2j ; and that product (Al- 
gebra, § 57.) being 2^2 — 2a2, the second member becomes simply 
2jr^— 2a2x. Hence, therefore^ by taking the second member first, 
we have 207^ — 2a2a:=2a2a: ; or, by transposition, and by dividing 
by 2x, a^=:2a^. Lastly, by extracting the square root (by §101., 
Algebra), we get ar=+aA/2.t 

Exer, 6, 

By multiplying hy a^ + bx+c and by b, the given equation is 
changed into ba^-\-abx + V^=aa^-{-abx-\-ac, Hence, rejecting 
abx, taking the second member first, and transposing, we get 
ax^^bx^=b^—ac, or (a— 6)372=^ — ao; 

and the answer is found by dividing by a— 6, and extracting the 
square root. | 

* If &e=2, the values of x will be infinite ; but if fts — 2> they will 
each be zero. Also, by multiplying the numerator and denominator of 

the expression for x by -/(ft— 2), we should have «=s + — i — ^— /• 

6—2 

f In addition to the values of x given in the Aloxbra, it may also be 
=0. This arises from the circumstance, that x occurs as a multiplier in 
every term of the equation, 2x'—2a':rss 20*07; so that if it besKO, the 
members will become equal, each being equal to zero. 

f In the case in which b=a, the value of x is infinite^ unless e be also 
equal to a or 6 ; and in that case x may have any value whatever, the 
numerator and denominator of the first member of the given equation, as 
well as those of its second, being equal ; so that each member will be 
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Exer. 7, and 8. 

These two exercises are wrought hy 
means of the second mle, and they afibrd 
▼ery dm^e instances of its application. 
The two equations difier only in the signs 
of their second terms^ and their roots are 
the SiEune^ hat with contrary signs. 



4?=— 3 + 4 
47ss], and »=— 7 

*2_6ar=7 

x=S±v'(9+7) 

w=3±4> 

4r= — 1, and d7=7. 



Ezer. 9, 

Here (2.) is derived from (1.) ^z2— ^=9 (1.) 

by multiplying by 6. Then (3.) 2x^^Sa=54> (2.) 

is obtained by means of the first _ 3 ± v(9 + *52 ) ^ ^ v 

rule ; and (4.) and (5.) exhibit * 4 ' ^v 

the soccessiye steps in the aridi- 3 + 21 

metical computation. ^= 'Z (*•) 

w=i6, and iP= — 4J (5.) 

^arer. 10. 

In the work of this exercise, ^— 20j7= —-51 (l.) 

equation (1.) is the same as the «= 10+^/(100 — 51) . . .(2.) 

given equation with its signs z=10 + 7 (3.) 

dianged ; and equation (2.) is a: =17^ and ar=3 (4.) 

derived from this by means of 

the second rule. The two remaining lines give the successive re- 
sults of the arithmetical computation. 



equid to unity, whatever value is assigned to x. With particular nunt- 
hew% one of Ihe values of x may render the left hand member of the given 
equation a vanishing fraction. In such a case that member is not in its 
lowest terms. It may, therefore, be reduced to its lowest terms^ and the 
solutton will be obtuned by means of a simple equation. 



x9 
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Exer. 11. 

In working the exercise^ equa- ar^—dyss^S**— 7^+70) . H.] 

tion (2.) 18 obtained from (1.) 4jr2—4af=Sd?2— 747-1-70 . ?2. 

by multiplying by 4, and (3.) a?' + Sa?=70 (8.^ 

from (2.) by transposition. To _ — 3 + ^/(9-hg80) ,.x 

find (4.), (3.) is resolved by the * 2 V*^; 

first rule. The rest is plain, —34-17 , . 

'= ^ iP) 

x=7, and a7= — 10 (6.) 



-Ba»r. 12. 



In this operation^ equation 
(1.) is derived from the given 
equation by transposition^ and 
(2.) from (1.) by squaring. 
Equation (3.) is obtained from 
(2.) by transposition, and (4.) 
from (3.) by means of the se- 
cond rule. The computation is 
easy. 



3a?-17= v(65^ai^) . . ^. (1.) 
9x^ - 1 02jr + 289 =65 - «2 (2.) 

lOd^J— 102«=-224 (3.) 

51±a/(2601-2240) ^ . 



«_51±19 

10 
j?=7, and «=3J. 



(5.) 
(6.) 



Exer* 13. 



x-l^^i^a/^-g^+l). .(1.) 

a:«-7ar=0 (3.) 

4r=7, and d?=0 (4.) 



Here equation ( 1 .) is derived 
from the given one by transpo- 
sition, and (2.) fi-om (1.) by 
squaring. From this, again, 
(3.) is obtained by rejecting 1 , 
and by transposition. The values of of may then be found by 
means of the first rule. As, however, the absolute term is 0, and 
each of the other terms contains a, one value of z is 0, as that 
value will render the first member equal to 0, as it ought to be. 
Then, dividing by x, we have x— 7=0, and thence 4?= 7, the 
other value. 
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Exer. 14. 

This question^ which is a j?— c= ^(ax^—bx+c^) 

generalisation of the last^ is j:^— Scx+c^sao:^— ftx+c^ 

wrought in the same manner, (a— l)d7*— (6— 2c)#=0 
The solution of the last will he __^ , __6— 2c 
obtained from this by taking "" ' a — 1 

a=2, 6=9, andc=l.* 

Exer, 15. 

In this solution equation (1.) a7* + 4jr = 117 (1.) 

is obtained from the given j:=--2+ a/(4+117) . . . (2.) 

equation by transposing x and 4:=— 2 + 11 (3.) 

dividing by 4 ; and from this x=:g, and 47= — 13 (4.) 

(2.) is got by means of the 
second rule. 

Exer. 16, 

In the first of these solu- 5 v'^=22— 3jp (1.) 

tions, equation (1.) is got 2oz=484— 182j7 4-9ar''* . . . . (2.) 

from the given one by trans- 9^^— 157jraa — 484 (3.) 

position, and (2.) from this __ 157± V(157^— 17424 ) , . 

by squaring. Then, (3.) is ' Jg V^/ 

derived from (2.) by taking 157 + 85 

the second member first, and ^^^ — f^ — (^0 

b7 transposition ; and (4.) ^^ i3f, and #=4 (6.) 

from (3.) by means of the ^ ' 

first rule. The computation Otherwise : 

is then performed in the i 

usual way. Sx + 5x^=22 

The second solution is V_ - 5 ± V(25 + 264) 
conducted according to the 6 

method pointed out in the y— ~^il7 
Aloebba, } 154. ; and it has ^ g 

greatly the advantage in i ^11 

point of brevity and facility, x =z2, and x = — ^ 

a:=4, and a:=— =13-. 

9 9 

* Since the second value of x is a fraction in its lowest terms, the value 
of that quantity will (Algebra, § 129.) be indeterminate, when a^l and 
2c=^b. In that case, in £ict, the second equation becomes identical, and 
X may, therefore, have any value whatever. 

X S 
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Exer. 17. 

Here the first equation is 2^?^ -j- 7jr = 22 
deriyed from the given equa- — 7± \/(49-f 176) 

tion hy transposition and 4 

contraction ; and the solution __ — 7 i 1 5 

is then obtained by means of * j 

the first rule. ar=2, and a?= - 5 J 



JF^cr. 18. 

In tiiis solution^ the first or^— 12d?=s28 

equation is got from the x=6+ a/(S6-|-28) 

given one by transposition; x=6jrS 

and the rest of the work 07=: 14^ and z= —2 
proceeds according to the 
second rule. 



Exer. 19. 

In tiiis solution^ equation 64— ar^— 26=8— a? (J.) 

(1.) is obtained from the ar^— z=SO , , (2.) 

given equation by multiply- 1 + a/(1 + 120) 

ing by 8 — ar ; and (2.) from 2 
this by taking the second *=6, and :p=— 5 
member first, and by trans- 
position. The work is then carried out by means of the first 
rule. 



Exer, 20. 

Here the first equation is ar^— a7=2 

derived from the given one _1 ± a/(1 +8) 

by multiplying by x, and 2 

transposing; and the solu- ^=2, and^=— 1 
tion is completed by means 
of the first rule. 
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£wer. 21. 

In this solution, equation 12x — 12 + 10a;=gj^^gx..(l.) 

(I.)i8 obtained from the given 9*2— 31jr= — 12 (2.) 

equation by multiplying bj z ^_ 31± ^/(96l— 432) 

andx— 1; and, by transpo- 18 

dtion, and by taking the se- _31+2S 

cond member first, equation * ^jg~" 

(1.) gpives (2.). The solu- 4 

tion is then completed by ^=3, and «=- 
means of the first rule. 



9 



Exer. 22. 

Here the first equation is obtained nax^-|-fur=a 

from the given one by multiplying by _ — »+ 'v/(n2+4na*) 

n, and the next by means of the first 2na "^ 
rule. 

Exer. 23. 

In this solution the first equation is 4?^— (ur= — 1 
derived from the given one by multiply- ar=J^{a4; V(a'— 4?)} 
ing by x, and by transposition ; and 
the solution is then completed by means of the first rule. 

Exer. 24. 

Here every thing is the same as in ay**— aa:"^ — 1 
the last exercise, except that at the ^=^[a+ V(a'— 4)]] 
conclusion the nth root must be taken. nr -i_ ,/ n a^-,^- 



Exer. 25. 

To solve this exercise, let the quantities be actually squared, 
according to what is indicated ; then, by contracting and trans- 
posing, there will be obtained x^—8x=0; whence ^=0 and 

Exer, 26. 

By squaring the quantities, according to what is indicated, and 
by contracting and transposing, we get ar^ — 6x=7; and hence, 
by the second rule, we find «=3+ V(9+7), or ar=7, and 
a7== — 1. 

B 4 
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Exer, 27. 

,^. "'!!' Tf '"^ ^^'^ ^ (;r+5)^+S(«+5)^=28 (l.) 

the same as the given one, ^ ^1 _o4. //f^^^^a\ 

but diflPerently written. (ayi-5)^=^ ^- ^^^"^^^^^ . . (2.) 
From this, equation (2.) ^ . 

is obtained, by means of (jr-|.5)^=4,and(x+5)^=— 7 (3.) 

§ 154. Algebra.* The ar + 5=64, and«-f5 = — S4S . . (4.) 

rest is easy, (4.) being a7=59,and jr = — 348 (5.) 

obtained from (3.) by 

cubing, and (5.) from (4.) by transposition. 

Exer, 28. 

In this exercise we have from the first equation a?= j( -f 6^ and 
consequently (xi^^=y^-\-19,y-\-S6. Then, by substituting this 
value of x^ in the second equation, we get 2y2 + 12y-f- 36=50; 
whence, by transposing, and by dividing by 9., we obtain y^ + 6y = 7 ; 
and thence, by the second rule, y= — 3+ //(9 + 7)> or y=l, 
and ^=—7. Lastly, by adding 6 to each of these, we get the 
corresponding values, x=7, and ^= — 1. 

A neat solution may also be obtained by squaring the members 
of the first equation, and taking them from those of the second, 
as we thus get 2^72^ = 14; and by adding these equals to the 
members of the second equation, and taking the square root, we 
find x-\-y= + 8. We then get x and y by means of § 52., 
Algebra, p. 42. 

Exer. 29. 

From the first equation we have a: =5 — 2y, and thence 
^2=25— 20y4-4y^. Then, by substituting for x- in the second 
equation, the value thus obtained, and by easy modifications, we 
get 3y2 — 10jy= —7; whence, by the second rule, we find y= 

— ^^ — H — \ or y=l and y=^ ; and by taking the doubles 
3 

of these successively from 5, we find a =3, and x = ^. 



• The great facility and superiority of this method would be strik- 
ingly felt by the reader, were he to attempt the solution of this exercise 
by first clearing the given equation of radicals. 
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Exer. 30. 

In this solution^ equation (1.) i* got from the first of the given 
equations by trans- 
position^ and (2.) ^ =a —ny (1/ 

is obtained from ai^s=a^'^2nay-{-n^^ (2^ 

this by squaring. nV+wy'— 2nay4-a2=6 (3.] 

We then get (3.) (nH«)y2-2nay=6-a2 (4.^ 

by substituting in _na± ^/{nV+Cna+nXfc-a^)} /e x 

the second of the ^ n^-^n ^ ^^ 

given equations ^ ^ ^{/^a ^ n)6-na2} .^ . 

the value of z'^ V = — ~ n^-i^ ^ ^^-^ 

found in (2.); and , ^r/ o . \l 9) 

(4.) 18 derived ny=: — — ^ ^^ — ^- 1 (7.) 

from (S.)by trans- , ^ + ^ . 

position, &c. In r - ei- ^^ V{{n^^n)b^na^ ^^^ 

the next place, __ »4-l 

(5.) is derived ^ _ g-h A/{(nHw)fe-figM Cq\ 

from (4.) by n+1 ^ "^ 

means of Uie se- 
cond rule, and (6.) is the same as (5.) with some easy modifi- 
cations. To get (7.)> ^e multiply (6.) by n ; and (8.) is found 
from (1.) and (7.) ; and, by easy modifications, it is transformed 
into (9.)-* 



Exer, 31. 

First Solution. 

Here equation (I*) ^^ obtained from the second of the given 
equations ; and, by substituting the value of y thus found 



* It is plain that this solution comprehends that of the last exercise, 
if nbe taken =2, a = 5, and 6=11. It may be remarked that the roots 
found above apparently differ in signs from those given in the Algebra, 
This affects nothing} however, except the order of tiie roots. 

B 5 
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in the first of those equa- 
tions, we get (2.). From « =: ^ /i \ 

this (3.) is derived hy multi-. x ^ '^ 

plying by 6 and «^, and hy a^ b ^ . . 

transposition ; and (4.) is T x^ ' ' 

then found by means of J 154. a^^abx^=z —62 ^ ^ fg\ 

Equation (5.)'is got from (1.) x^=z^{ab± >v/(a4»— 4*2)} ' 

by squaring and by substi- ^^^j^^ V(a2-4)} ... (4.) 

tutmg for x^ Its yalue accord- » — \ /j \ / 

ing to (4.) ; and (6.) is de- ^2— ^ 

rived fh)m this by means of i*{«db V(fl^ — 4)} 

} 108. Finally, the values of 2b 

X and y will be obtained from — ^ i ^(^1^^ (^'^ 

(4.) and (6.) by extracting ir— /-oi 

the square roots.* ^ = i*l« + ^(a^-*)} . . . (6.) 



Second Solution, 

Let - = us; then ^^jV^^ and the first of the given equa- 
y ar 

tions will become z-{-z~^=a; whence by multiplying by z, and 

by transposition^ z^'-az=. — l. The resolution of this quadratic 

gives ar or- =4{a+ //(a^— 4)} ; and then the values of x and 

y " 

y will be found by successively multiplying and dividing the 
members of the second of the given equations by those of the 
expressions just founds and extracting the square roots. 



Third Solution. 

A solution preferable to either of the foregoing may be ob- 
tained in the following way. By clearing the first equation of 
fractions, we get x'^'^y^=:axy, or x^-{-y^=ctb, since xy^i^b. We 
have thus the sum of the squares of x and y, and their product 
(as in Exer. 6,, Algebra, p. 155.) ; and, therefore^ by first 

* The values of x and y found by this method arc apparently different 
from those given in the Algebra. They will become the same, how- 
^er, if the roots be extracted according to § 169. The same principle 
may be employed at the close of the next solution. 
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adding 2jry=26 to »^-\-f^=^ab, and then by sabtracting it finom 
the samey and by extracting the tqnare roote, we get expressions 
for x-^y and x—y ; and ({ 52.) by taking half the sum and half 
the difibenee of these^ we get the values of m and y. 



In this solutimi we get equation (1.) by transposing 3, 

2(4P— 3f)* and y^ and , 

taking die second jt— y — 2(4r — 3f)»=3 (1.) 

member first : and (2.) /-_ «\t_-i .q-.q q. _. /q\ 

is obtained from this ^'-y) -^±^-^ or -1 (2.; 

by means of } 154., '~i=A '"^ ^11 

and thence (3.) by ^""^o"! V ' 4^ )tX 

squaring. WeW (4.5 "^^tt^^.t J 

^^o1:TLV3: -.-f 9=12, and. = -3.... W 
plying both members 

of this by jf, we get (5.), since by the question, xy = S6, Equa- 
tion (6.) is got by resolving (5.) ; and thence (7.) and (8.) are 
readily found. By proceeding in a similar way with the equa- 
tion, 4?— y=l, we should get ^=^—1 + ^/145), and x= 
Kl±^/145).♦ 



* A neat lolutioD would be obtained by squaring x~y ad, and «— yae I: 
to the Hsults adding 4xy&s 144 ; and extract in g the square rootai By this 
means the sum of x and y would be known ; and their difference being 
given, X and y themselyes would be found by means of § 52. There are 
some differences witii r^ard to the results fimnd above as compared with 
those set down in the Algkbra. These arise from the different signs 
whieh tile square roots nuiy have ; but they can present no difficulty, and 
they are, in fact, of no consequence. The solution might also be obtained 
by clearing the second equation of radicals, and then eliminating x or y 
between the result and the first equation. The equation so obtained, 
howeirer, would be of the fourth degree, and could not be solred by 
means of the principles thus fiur established. 

E 6 
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Exer, 33. 

:r2^z-64-(^^-ar-6)^=42 (1.) 

(;,2_^_6)^=^{«lj- ^(1 + 168)} . . (2.) 

(a:2-_ar-6)^=6, and (a:2-^-6)^=-7 (3.) 

a:2— a? =42, and a?-— 57=55 (4.^ 

ar=7 or —6, and ar=^(l± >v/221) . . (5.) 
Here equation (1.) is obtained from the given equation by 
transposing Xy and subtracting 6 from each member of the result 
From (1.) we obtain (2.) and (3.) by means of § 154. ; and (4.) 
is derived from the latter by involution and transposition. The 
solution is then finished by resolving the two equations contained 
in (4.).* 

Exer, 34. 

49(«'+y)-2 + 28(ar+y)-i = 5 (1.) 

(.■,yri== "^^± ^096 + 245) ^ ^^^ 

(^-fy)"^=|. and(a; + y)-i=-4. . . (3.) 

a?+y = 7, andz-|-y=— I- (4.) 

7(^-y)-^-5(a?-.y)--i=2 (5.) 

(,^^)>.^5±V(25 + 5^ (6.) 

14 

(ar-y)-i=l, and(ar-yVl=-|^ . . . (7.) 
ar— y=l, and a:— y= — |^ (8.) 

In this operation equations (1.) and (5.) are the same as the 
two given equations, differently written ; and (2.) and (3.), and 
also (6.) and (7.) are got from these by means of } 154. To 
get (4.) and (8.) we simply take the reciprocals of the expres- 
sions found in (3.) and (7.). In the last place, to get the values 
of X and y, we employ J 52., combining ar-|-y=7 successively 
withx— y=l, and a:— y=— 1^; and, again, combining 4r-f-y= 
—^ with each of the same values of x—y» 

* Were the solution of this question attempted by freeing it of 
radicals by involution, a troublesome equation of the fourth degree would 
be obtained. 
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Miscellaneous Exercises in Quadratic Equations* 
(Alobbba, p. 154.) 

Eaer» 1. 

Let X be one of the numbers; then will 8—^ be the other. 
By taking the sum of the squares of these and putting it equal to 
50, we get af^—l6z-\-64t + x^=50; or, by transposition, con- 
traction, and dividing by 2, x-—8x=^7 I the resolution of 
which gives 07=4+3, or a:=7, and af=i. By taking these 
severally from 8, we find the other numbers to be 1 and 7* The 
two numbers, therefore, are 7 and 1, and 1 and 7> so that in 
reality the question admits of only a single pair of answers. 

For obtaining the general solution on the same principle that 
has been employed in the foregoing particular solution, we shall 
have the numbers represented by x and Si—x; and, therefore, 
a:2 + (*i — a7)2=*2> or, by actual involution, and by transposition, 
2a:2--2*jar=*2— *i^. Hence, by J 152., 

If X and y be assumed to denote the numbers, the solution 
(either particular or general) may be obtained very simply and 
elegantly as in the 

margin. In this oper- x -^y^zsi (1.) 

ation, equations (l.) ar^+yS—^^ , ^ ^ ?2.) 

and (2.) express the ar2 + 2a:y-f y2--.^^2 ^3^^ 

conditions of the ques- 2ary=«j2--«2 (4.) 

tion ; while (3.) is z2~2^-f-y'"^=:2*2— *i* (5.) 

obtained from (1.) by x—y (or y— «?)= \/(2*2— ^j^) . . . (6.) 
squaring, and (4.) is 

derived from (2.) and (3.) by subtraction. We then get (5.) by 
subtraction from (2.) and (4.), and (6.) from this by extracting 
the square root. The required numbers will then be obtained 
from (1.) and (6.) by means of § 52. 

Exer, 2. 

Here the numbers may be represented by x and 7— a? ; and 
by cubing these and adding the results, and by the questioDi we 
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get 34!3'' 147^ + 21a:2=133 ; whence, by transposition, and by 
dividing by 21, we obtain a:'— 7 J? =—10. The rescdution of 
this equation gives or =5 or 2 ; and therefore we have 7 — x equal 
to 2 or 5, 

The general solution may be obtained in the same manner. 
Thus, let the numbers be denoted by x and «j— x. Then, by 
adding the cubes of these, we get Si^^38i^X'\-38 1X^=9^ ; whence, 
by transposing s^^, and resolving the resulting quadratic^ we get 

a = — ^ — ^ ^ ^ ^ ^^ — l^ ; and this is easily reduced to the 

form given in the Algebra. 

Both the particular solution and the general one may be ob- 
tained very neatly and easily by means of two unknown quan- 
tities. Thus, for the general solution, we have dr+y='i and 
x^'\-y^=z8^; and by cubing the members of the first of these 
we get (J 56.) «^4-y* + S.«y(jf+ir)=*i^ or, by substitution, 

*3 + 3«iary=*i3; whence «y=-i— — ?. We have now, there- 
fore, the sum and product of z and y ; and their difference will 
be obtained by taking four times the product from the square of 
the sum, and extracting the square root ; and lastly, ^ and p will 
be found by means of } 52. See Exam. 6., Algebra, p. 140. 

The solution may also be readily obtained by dividing the 
members of x^'\-y^=s^ by those of ar+y=*i; as (} 6I.) the 

quotient is 072—^+^2= _?. Then, from this and from the 

square of x-{-y=Si, we get, by subtraction, 3xy=z8i^ — -?.; and 

the rest of the solution may be readily obtained in difier^t 
ways.* 



* If the sum of the required numbers be puts 2s and their difierenee 
srs2x, the numbers will be « + x and s— x; and, by taking the sum of 
the cubes of these, we get 2s* + 6sa^=8^ ; whence x will be obtained by 
the resolution of a simple quadratic. In like manner, in the next ques- 
tion, if the difference be put=2£f, and the sum = 2:r, the numbers will be 
x + d and x—d; and by taking the difference of the cubes of these, we 
obtain 6dz*-\-2d^s=id^, which is also a simple quadratic. 



p. 154^ 155.^ ^UADtLATlO EQUATION!. 87 



Exer. 3. 

Here we may denote the required numbers by x and 4^+2 (or 
with equal propriety and facility by a and x— 2). Then^ by 
cubing these^ and by subtraction, we get 6j^+12ar + 8=218; 
whence^ by transposing 8^ and by dividing by 6, we obtain 
j^4-2x=35; and thence ^=5 and x=— 7, and consequently 
a? 4-2=7, and ^+2=— 5. 

For the general solution, we may denote the numbers by x and 
x-\'d^; and^ by taking the difference of the cubes of these, we 
obtain SdiJ^ + Sdi^x-^d^^^d^, — a quadratic, the resolution of 
which presents no difficidty. 

The solution of this question, like that of the last, may be 
easily effected by means of two unknown quantities. Thus, we 
haye x—y^^d^, and x^—y^=:d^ ; and, as in the last, the solution 
may be effected by the use of either } 56» or } 6l., Algebra, 
p. 44. and 46. 

Exer, 4. 

This will be solved in the same manner as Exam. 6., Algebra, 
page 140. See also the condusion of the solution given above 
for £xer. 2. 

Exer, 5. 

Here, by assuming x and z + 5 (it would be equally proper to 
assume x and «— 5), we have, by the question, ^(x+B) or 
a^^5x=:36. The resolution of this gives ar=4 and dr=~9; 
and consequently ^4-5=9, and ar + 5 = — 4, 

For a general solution let x and x-^rd represent the numbers. 
Then x(x+d)or x^-^dx=:p; the resolution of which gives 
x=^{'-d± A/(d^+4p)} : and hence x-\-d=:^{d±^/{d^-{-4p)}. 

Both the particular solution and the general one will be readily 
obtained by denoting the required numbers by characters repre- 
senting two unknown quantities. We thus have x^y=:d, and 
xp=ip ; and if four times the latter be added to the square of the 
former, and the square roots of the equals thus obtained be taken, 
we shall have x +y= V(<2^ +4p) ; and the values of x and y wiU 
be obtained by means of { 52. 
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Exer» 6. 

Let X be one of the numbers; then x^(%5 — a:^) will be the 
other; and by the question^ a?v^(85--a7^)=18. Henoe^ by 
squaring both members and changing the signs^ we get dr^~854^ 
= —324 ; and from this, by J 154., we find 



^=v/i{85j- v'(7225-1296)} = ±9or ±2; 

and therefore */(85— ar*)= +2 or +9. The general solutioD 
on this principle would proceed similarly. 

Otherwise, 

Let X and y be the numbers: then xy=p, and a:'+y*=*2' 
Let the latter be successively increased and diminished by twice 
the former ; then, by extraction, there will be obtained x +if= 
V(»2-{-^p)y and x—y (or y— ar)= -^/(^j— 2|>) ; and a? and y 
will be found by means of J 52. 

JExer, 7. 

Let a and 40ar-^ represent the numbers; then, by the 
question, x^—l600x-^=:39; whence, by multiplying by x^ and 
transposing, we obtain ar^— 39««7^=l600. From this we get, by 

means of J 154., x=jr8, and x=: + 5^ — l ; and, by dividing 
40 by these, we find the corresponding values of the other 

number to be +5, aud +8//— 1. 

For getting the general solution in a similar manner, we 
assume x and px—^ as the numbers, and we have x^ — p^x-^=.d^ 
Then, by multiplying by x^ and transposing, we find x^—d^ 
c=p2 . and the solution is easily effected by means of J J 1 54. 
and 108. 

The solution might also be obtained by assuming x and xy to 
denote the numbers; and for another method still, we might 
represent the numbers by x and y. In the latter method, we 
should have xy=.py and a?^— y^^rfg* whence, by squaring we 
get x^y^=:p^y and x^'—9.x'^y'^-\-y^=^d^. Then, by adding to the 
latter 4a:2y2— 4^8 (four times the former), and extracting the 
square root, we get a:*H-y2= ^(d<^-{-4tp^). The rest is easy.* 

* This question affords an instance in which no advantage is gained 
by assuming x + y and x—y io represent the required nymbm. Siuc^ 
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JLXCT* o* 

If w and y be taken to denote the required numbers^ the 
lolQiion ¥dll be 

easily and gimply Sai^y-\'Sxy^:=.a • ^1/ 

obtained as in the Sx^y^Saey^=^h ?2. 

margin ; where 6d?^=a-|-6, and 6a?y^=a— 6 (3.^ 

equation (1.) is w__a-\'b .. v 

got by cubing y^a^h ^ '^ 

tracting a^-{-y^ ^^ — i^I^"" ^"""o+ft ^ ^^ 

frcftn the result ; 

and (2.) by taking the cube of x—y from x^—y^. The two 
expressions in line (3.) are got from (1.) and (2.) by addition 
and subtraction ; and ^4.) is found by dividing the members of 
the first equation in (8.) by those of the second. The first of 
the equations in line (5.) is obtained from (4.) and the first 
equation in (8.)^ by multiplication ; and the next from (4.) and 
the second in (S.\ by division. In the last place^ the answers 
iffiU be found from Uie equations in (5.) by dividing by 6, and 
extracting the cube roots. 

The particular solution would be had by using 60 and S6 
instead of a and 6. 

Exer, 9» 

To solve this question in perhaps the easiest manner^ let x 
and y be taken to denote the required numbers : then 07^=6 and 
d:^ 4.^=35. From the square of the latter take four times the 
cube of the former^ and by extracting the square roots of the 
remainder^ there will be obtained a;^— y*=19. Lastly, take 
lialf the sum and half the difference of the members of tliis 
equation^ and those of 0^^+2^=35, and extract the cube roots.* 

however, the difference of their squares is given, we might assume with 
advantage 2x to denote the sum of their squares. We should then have 
the two numbers represented by V{x-\-^cl^) and -/(ar— Jrf,); and we 
should obtain a very easy solution by putting the product of the squares 
of these equal to p^, 

♦ From the equation xy=6, we might find a value for ar or y ; and by 
substituting this in the other equation, x* + y's=S5, we should get an 
equation which would be resolved by means of § 154. A similar remark 
is applicable with regard to the next exerciset 



Exer. 10. 

By assuming x and y to represent tbe required nmnbo^^ we 
shall have d?y=20, and ar*— y^=6l ; and the solution win pro- 
ceed exactly as that of the preceding exercise^ except diat we 
are to add 4d;3^=4 x 20^ to the squares of the members of the 
second equation. 



Exer. 11. 

By putting w and y to denote the numbers^ we have^ by the 
question^ < 

ary=240, and (ap+4)(y— 3) or /Fy+4y—S«— 12=240. 
Hence^ by subtraction^ we get 4y — 3a: — 12=0. Multiply 
this by Wy and take the product from 4ary=s240x4=s960^ and 
there will remain 3ar^ + 12a7=r9^0. By dividing this by 3^ we 
get 07^+407=320; and by resolving this last result, we find 
ar=l6, and 07== -^20. Lastly^ by dividing 240 by these suc- 
cessively^ we find the corresponding values of y to be 15 and 
-"12. 

By changing the signs of x and y in the two original equations, 
and by a few obvious modifications^ it is easy to show that the 
negative values, —20 and —12, taken positively, are the answers 
to the analogous question in which one of the numbers is 
diminished by 4> and the other increased by 3. 

For obtaining a general solution, we have xy^a, and (ar + ft) 
(y — c) or ay-\'hy—cx — hc=-a; and by subtraction, hy—cx^hc 
=0. We may then multiply this by or; and by taking the 
result from bxy=^db, we get cx^ -\-bcx=:ab ; the resolution of 

which equation gives ^^-g>cj: v/(6V + 4aftc)^ rj^y^ ^^^ ^ 

y is readily found by dividing a by this value of w, and for a 
simplification, by multiplying the terms of the resulting fraction 
by dc+ v(6^o*-i-4o6c), according to § 108. 



Exer. 12. 

Here, by representing the required numbers by w^Sy^ ^— y> 
x+y, and x-^Sy, we have the product of the means ss«^— ^'^ 



p. 155, 156.] avADBATia equations. 9i 

and that of the extremes =ar'— 9y^ Taking the latter from the 
former^ we get, by the question^ 8y^=S, and consequently 
y=: + ^* Hence^ the foregoing products become x^—l and 
x^-^Q; and, by the question, the product of these is 105 ; that 
is, 4^— lO^r^-f 9=105. Then, by transposing 9» <uid by means 
of § 154., we get «=+4, and 4?=: + ^—6, the latter of which 
is to be rejected. Hence, taking x positive, and y first positive, 
and then negative, we find the required numbers to be 1, 3. 5, 
and 7 9 or 7, 5, 3, and 1 ; and again, by taking x negative, and y 
first positive and then negative, we find the numbers to be — 7> 
— 5, —3, and —1, and —1, —3, —5, and —7. 

For the general solution, the products of the means and ex- 
tremes are, as before, x^—^ and x^—Qy^, Then, by taking the 
product and the difference of these, we get a^—10y^x^+9y*^=<t9 
and 89^ =d. The latter of these gives j^=-|6 ; and from the 
former, and by means of } 154., we get x^=5y^+ ^(iSy^-^a). 
This latter becomes 2'=f &+ \/(i^^+a), by the substitution 
of ^6 for ^ : whence, by easy modifications, we get 

af2=|j-j.^^(6>+4.a)=|^6±T^-v/(62+4«); and therefore, 
4?=:±i^{106±8V(ft2+4o)}. 



Exer. IS. 

Putting X to denote the number of oxen purchased, we have, 

by the question, =2. Dividing by 2, clearing the 

X X'\'3 

result of fractions, and simplifying the equation so obtained, we 
get «*+Sdf=180; an equation which gives *=^( — 3+27), or 
dr=sl2, and j?= — 15. 

To interpret the latter result, change x into -^w in the 
original equation : then, after some slight modifications, we get 

1 Q(\ 1 SO 

Jlz!i--.-!^il-=2; which shows that the root —15, taken 

x—S X 

positively, is the answer to the question in which, had the pur- 
chaser got 3 oxen fewer than he did, the price of each would 
have been increased by £2, which is the next question. 
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Exer. 14. 

120 120 
Here we have — = 2 ; and, by a process similar to 

that which was employed in the solving of the last exercise, we 
find a:=15, and ar= — 12. 

It is easy to show, as in the last solution, that the negative 
root — 12, taken positively, is the answer to Exer. IS. 



Exer. 15. 

Putting X to denote the number of persons present, we have 

144 144 

e= 1, (144 being the shillings in seven pounds four 

w—9, so 

shillings). Freeing this of fractions, &c., we get a^ — 24r=:288 ; 
whence d7= 18, and a:= — 16. 

To interpret the negative root, let x be taken negative in the 

144 144 
original equation, and it will become *- = 1 ; which 

Of x-^2 

shows, that if two more than x persons had paid their quotas, the 
payment of each of the others would thus have been diminished 
by a shilling ; and hence it follows, that l6 is the answer to the 
next question. 

Exer, l6. 

1 44 1 44 
Here we have — = 1 ; the resolution of which 

X a: + 2 

gives 07=: 1 6, and 0?=— 18 : and hence it may be shown by an 
easy interpretation, that 18 must be the answer to the preceding 
exercise. 



Exer. 17. 

Let w be the number of days travelled by the first person, and 
;r— 2 will be the number travelled by the second. Then, the 
distances travel!^ by the first person on the several successive 
days will be 10 miles, 11, 12, &c. ; the first term being 10, the 
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common difference 1, and the number of terms x. According, 
therefore, to } 133., the whole space travelled by him will be 
10d?+^(a;— 1) or ^(ar^+lp^) ; and the space travelled by the 
other is 15(a:— 2) or 15jc—30. Now, by the question, the sum 
of these spaces is 800 miles; that is ^(ar'^H- 19^:) + 15a?— 30=300. 
Hence, by doubling, transposing, and contracting, we get 
ar2-|- 49ar=660; and thence a?— ^(—49+71 )j or a:=ll, and 
j?=— 60. Then, by taking a:=ll, ^(ar^-f 19j?) becomes l65, 
the space required.* 



Exer. 18. 

To give a general solution of this question, let 35 =a and 
30=6 ; and let the numbers be represented by x, xy, xy\ and 
xy*. Then, by the question, ary*+4?=a and «y^-f-ary=:6. 
Divide the former of these by the latter ; then 

y^-H_q^ ^^r y^-y +i _g 
y'^-k-y y y *' 

by dividing the numerator and denominator of the first member 
by jf+1. By clearing this of fractions and transposing, we get 
fty*— ay— 6y=— 6, whence 

__a +h± >v/{(a-f 6)^-4^} _ a-f &t V{(q— 6)(a-4-36)} 
^26 2A ' 

Hence, by restoring the values a and 6, we get y=f , and y^f . 
These values of y will give the same numbers for the answer. 



* It would appear from a little consideration in reference to the 
loot —60, that, under the same law of movement, the two travellers 
would have been together 60 days before the one started from A, and 
62 before the other set out from B, and that the point where they 
would have been together would have been in the line AB continued 
through B, and at the distance of 930 miles from B. Then, on starting 
from that point, one of them would move towards B at the uniform rate 
of 15 miles each day, and would reach B in 62 days; while the other, 
Ibr the first 50 days, would move in the same direction, the first day 50 
miles, the next 49, the next 48, &c. ; and on the fifty-first day he would 
rest ; then, during the next nine days he would move in the opposite 
direction, one mile the first, two the second, and so on ; and at the end 
of the whole sixty days, he would be at A. 
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only in a reversed order. The value of :e is readily found from 
the equation, xy^'\'ay=h:=30, to be 8 (or 27); and the required 
numbers are 8^ 12, 18, and 27* 

What is given in the note in page 156. of the AiiOebba, is 
sufficient as a solution of this exercise. 

The question will be easily solved also by equalling the pro- 
ducts of the extremes and means of the analogies in the same 
note, and dividing the members of one of the equations thus ob- 
tained by those of the other. By this means we get 

and, therefore, 4(d7— 42)=±S(a:+42), an equation from which 
the values of a; are easily found to be 294 and 6. 



(AliGBBRA, p. 165.) 



ESiBT^ 1* 



V(8± V60)=V'i{8+V'(64-60)}±v'i(8-.v(64-6p)} 



Exer. 2. 



V(6±2 v^5)= A/i{6-f ^(36-20)} + ^4lb- V{S&-^Q)) 

= V5±1. 



Mxcf, 3* 



^(49±12V13)=v'i{49-f>v/(2401-1872)}± 



V^{49- V(3401-1872)} = >/K*9+23)± V^^-^S) 

=6±>/lS. 
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Exer. 4. 

>v/(76±32>v/3)=>v/j^{7 6> ^{5776- a072)}± 
Vi{7Q- V( 5776-8072)}= v'K76 + 52)± ^4(76-52) 
= 8±>v/12=8±2VS, 

£x«r. 5. 



V(S9±6v'42)=>v/i{39+ V( 1521 -1512)} + 
Vil39-V(1521-1512)}= v'KS9 + 3)±V'K39-3) 
= v'21±3>v/2. 



V(52±90^^3)= ^^{52+ v'(2704-2700)}± 



Vi{52- V(2704-2700)}= Vi(52+2)± Vi(52-2) 

= >v/27± V25=S v'3+5. 

^a?^. 7. 
V[p'+2>v/(pgg2-g^)}= a /^{1>2+ V(j>^-Vg2+4g4)} + 

Exer. 8. 

By taking from the square of 4a^ the square of what follows it» 
and extracting the square root, we obtain 4a^— 8a6+26^. Then^ 
by taking half the sum and half the difference of this and 4a^j 
extracting the square roots, and connecting them by the sign — ^ 
we get the answer. 

Exer. 9. 

From the square of 2^^+25^^ take the square of what follows 
it ; then^ by extracting the square root of the remainder, there is 
obtained 2ab ; and the answer is found by taking half the sum 
and half the difference of this and 2a'-f 2&^, and connecting the 
square roots of the results by the sign +. 
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General Theory and Resolution of Equations, 

(Algebra^ p. 170.) 

Exer, 1. 
Multiply x — 3hj x-^-^j and put the product^O. 

Exer. 2. 

Here, as the factors are a:— 2—3 a/— 1 and d?— 2 + 3>v/— 1, 
they are the difference and the sum of «— 2 and 3>v/ — 1 ; and 
therefore (Algebra^ § 57*) their product is the difference of the 
squares of these. Accordingly^ from o;^ — 4:r-|-4^ the square of 
the firsts we take — 9> the square of the second^ and we put the 
result =0. 

Exer. 3. 

Here, (j7— 1)(4?— 2)(a:— S)=0. In this and in all similar 
instances, the actual multiplication is most quickly and easfly 
performed hy the method of detached coefficients. 

Exer. 4. 
Put the actual product of ;r— 2^ ^+4> x—B, and :r+6=0. 

Exer. 5. 

Here, (hy Algebra, § 57.) (a:— l)(d?+l)=«2— l, and 
(*-V'^=T)(«+ V'^=«2-(-l)=«2+i. Lastly, 

(*2-i)(a.2^.i)=o, or «4_i— 0. 

Exer. 6. 

Here, the answer is obtained by the actual expansion and miil«f 
tiplication of (ar - 1 )3(ar + !)(«+ 2) =0. 
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IVana/ormation of Equations. 
(Alobbra^ p. 174.) 

Exer. 7» 

By substituting x'—a for x, we get (*'— a)^-f-2a(a:'— a)— 6 
=0 : whence, by actuidly performing the operations that are in- 
dicated, and by contracting^ we obtain x^^ — o^— 6=0. 

Exer. 8. 

Here^ we assume x=:x'—2; and by squaring and cubing^ we 
get x^z=x"^—^-\'4, and a^=x'^^6a;'^ +l2x'^S. Then the 
mnswer is obtained by substituting these in the given equation. 

Exer. 9« 
We are here to assume x=ij/'\-~; of which the square is 

''=*"+r'+ ^"'^*^* '"»* ^=^--^^+'/ + 1. The 

answer is then found by substituting these values of r^ and x^ in 
the given equation. 

Exer, 10. 

By assuming ar=a;'-h2, we find x^=j/^'^6j/^-{'12j/-{'S, 
and ^=d7''*+8a:'3-h24d7''^ + 32y + l6; and the answer is ob- 
tained by substituting these in the given equation. 

(Algebra, p. 177«) 
Exer. 11. 

Here, by following the method pointed 1 —4 3 \ 2 
out in the Algebra, p. 175. and 176. we 2—4 

find the coefficients of the transformed equa- "Zlg ZTj" 

tion to be 1, 0, and — 1 ; and it is, there- g 

fore, a:'2- 1=0. — q 
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Exer, 12, 

Here, by a like process^ the coeffi- 1 —13 —12 | 4 

cients of the required equation are found 4 l6 12 

to be 1, 12, 35, and 0. The equation^ "4 3 5 

therefore, is 4 32 

^3 + 12«'2 + 35^'= "8 S5 

4 



12 



Exer. 13. 



We here get, by the usual 
process, 1, 20, 150, 375, and 4, 
as the coefficients of the required 
equation. It is, accordingly, 
w^ + 20x^3 ^ 1 50:r'2 + 375^' + 4 
=0. 









-125 


4 


5 


25 


125 





5 


25 





4 


5 


50 


375 




10 


75 


375 




5 


75 







15 150 
_5 

20 



£a;er. 14« 

Here we use —1, because the roots 13 — S | — 1 

are to be increased. The coefficients —1—2 2 

are found to be 1, 0, —3, and — 1 ; 2 —2 — 1 

and therefore the required equation is 1—1 

«'3_sar'-l=0. 1 —3 

-1 



Resolution of Equations hy Homen^s method. 
(Algebra, p. I92.) 

Exer, 1. 
Resolve the equation, a^-^-lai^S^.O, 
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00 
4 


700 

16 


-3000 1 0-418128 
2864 


4 

4 


716 

32 


-2I 36000 
74921 


8 

4 


274800 
121 


-3610790 
601128 


,120 

1 


74921 
122 


-49662 
7524 


121 
1 


375043 
98 


—2138 
1505 


122 

1 


75141 
98 


-633 
602 



123 475239 -31 



3 



In this operation^ the work is shortened by adding only one 
cipher, instead of three, in the line marked with 3 subscribed in 
the third column ; and, accordingly, none is annexed in the cor- 
responding line in the second column^ and one figure is cut off 
from the like line in the first. 

If the first member of the given equation be divided by 
4?— 0-418128, the quotient is a:2— 0*418128^ -h 7*174831 ; and 
by putting this equal to zero, we get a quadratic, the roots of 
which are imaginary ; and these are the remaining roots of the 
proposed equation. 

We may arrive at the same conclusions by means of Sturm's 
Theorem (Algebra, p. 287.)' I" employing this theorem^ we 
shall have, in the present instance, — 

X =a:3 + 7^— 3; X2= — 14^ + 9; and 

Xi=3a:2 + 7; X3=-l6l5. 

Hence the signs will be^ 

for ar= — 00, — , +, +, and — ;. and 
for 07= 00, -h, +, — , and — . 

We have, therefore, Wi=2, and »n2=l ; the difference of 
which is 1 ; wherefore there is only one real root ; and by 
taking as successively =0 and jr=: 00, we find that it must be 
positive. 

r 2 



1 



100 
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Exer, 2. 

Resolve the equation^ ar*— 2a?2^3j|,_4— 0. 

Here ({ 187*) the greatest root cannot exceed 5 ; and, by 
Descartes's rule, there can he no negative root. By trying 
numhers, therefore, hetween and 5, we find that a root lies 
between 1 and 2 ; and the work for finding it is as follows : 



—2 


3 


-4 1 1-6506292, nearly 


1 


— 1 


2 


— 1 


2 


-22000 


1 





1776 





2200 


—3224000 


1 


96 


221125 


alO 


296 


—4287500 


6 


132 


274158 


\S 


3*2800 


— 5I3342 


6 


1425 


9142 


22 


44225 


—4200 


6 


1450 


4114 


8280 


4456750 


-86 


5 


18- 


91 


2S5 


45693 




5 


18 




2&0 


5*5711 




5 


. . • 





40295 



By dividing the members of the given equation by ar — 1*65063, 
we get a:2— 0-34937a:+2-423S2=0; the roots of which are 
plainly imaginary. 



Exer, 3. 

By } 178., the only real root of this equation is — 1'65063923^ 
the negative of the real root of the last. 
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Exer, 4, 

Resolve the equation^ ar^— Sx^-j- 3 j?— 20=0. 

Here the coefficients are 1, —2, 0, 3, and —20; and 
whether •+• or — be prefixed to 0, there are three changes of 
aigns^ and one jiennanence. Hence^ by Descartes's rule, there 
cannot be more than three positive roots^ nor more than one 
negative one. Also, by }} 187. and 188.^ the roots lie between 
21 and — 6; and by some trials it will be found that one of 
them lies between 2 and 3 and one between —1 and —2. The 
computation of these is as follows : — • 



—2 





3 


-20 1 2-64868849 


2 








6 








3 


-2I 40000 


2 


4 


8 


123456 


2 


4 


allOOO 


— 3I 65440000 


2 


8 


9576 


135023616 


4 


si 200 


20576 


—430416384 


2 


S96 


12168 


27991760 


o60 


1596 


382744000 


— 52424624 


6 


432 


1011904 


2112852 


m 


2028 


33755904 


-6311772 


6 


468 


1025472 


281856 


72 


3249600 


434781376 


-7^9916 


6 


3376 


20832 • 


28187 


78 


202976 


3498970 


-1729 


6 


3392 


20880 


1409 


3840 


256368 


53519850 


—320 


4 


3408 


157- 


317 


844 


4259776 


352142 


3 


4 


6- 


157 




848 


2604 


6352299 




4 


6 


2- 




852 


2610 


35232 


• 


4 


6 


2 


■ . 



4856 



:26l6 



r35234 
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-2 
-1 



3 


3 
—3 


—20 -1-87683707 



-3 
— 1 


3 
4 




-7 


—2200000 
167616 


-4 
—I 


7 
5 


- 27000 
-13952 


—3323840000 
293511561 


-5 
-1 


2I2OO 
544 


—20952 
-18816 


— 430328439 
26599062 


-,60 
-8 


1744 
608 


- 339768OOO 
—216222s 


-3729377 
3564120 


-68 
— 8 


2352 

672 


-41930223 
-2207989 


— 165257 
133734 


-76 
-8 


3302400 

6489 


— 444138212 
- 19356 • 


—31523 
31215 


-84 
-8 


308889 
6538 


-4433177 
-19392 


—308 
312 


-3920 

-7 


315427 
6587 


—4452569 
-258- 




-927 

-7 


4822014 
6- 


—445515 
-258 




-934 

-7 


3226 
6 


—445773 
-1- 




-941 

7 


3232 
6 


—44578 
— 1 





-4948 



3238 



-44579 



The factors corresponding to the roots that have now been 
found are a?— 2-648688 and a: + 1*876837 ; the product of which 
is ^2-0-771851 ar— 4-971156: and, by dividing the given 
equation by this, we get a:2—l -228 149a: + 4-023209=0 ♦ ; a 



* It is easy to see that the coeflScient of x in this quotient will be 
found by taking -0*771851 from the coefficient —2; and that 
4*023209 will be got by dividing —20 by — 4-971156: and a complete 
verification of the correctness of the work would be obtained by finding 
the product of the two quadratic factors just found, as it ought to be the 
same as the first member of the given equation, except some trifling 
differences at the end of the decimals. It is plain that the easy method 
here pointed out for finding the quadratic which involves the remaining 
roots, may be employed in all similar cases. 
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quadratic equation, the resolution of which will give the two re- 
maining roots. Both of these^ however, are evidently imaginary, 
since the square of the coefficient of x is less than four times 
4023209. 

Exer, 5. 

Resolve the equation, ar* — 23?* — S^2 — 41: -|- 5 = 0. 

According to Descartes's rule, this equation cannot have more 
than two positive roots, nor more than two negative ones ; and 
by {{ 187. and 188., Algebra, pp. 181, 182., the roots must 
lie between 6 and —3. Taking, therefore, jp successively equal 
to 6, 0, and —3, we get 737^ 5, and 125 as tiie corresponding 
values offx ; and hence, according to the Algebra, } 184., there 
must be either two real positive roots, or none, between and .5, 
and either two real negative ones, or none, between and — 8. 
If we now take a7=2, we getya;= — 15 ; and therefore (Algebra, 
} 184.), one of the positive roots must lie between and 2, and 
the other between 2 and 4 : and some farther trials will show 
that one of them lies between and 1, and the other between 
3 and 4, so that their first figures are and 3. The operations 
for finding them are as follows : — 



—20 


-300 


-4000 


50000 0-7287268 


7 


-91 


—2737 


-47159 


— 13 


-391 


-6737 


228410000 


7 


-42 


-3031 


— 19705744 


-6 


-433 


-29768000 


38704256 


7 


7 


-84872 


-7976864 


1 


-242600 


—9852872 


4727392 


7 


164 


- 84536 


-700539 


38O 


—42436 


-39937408 


26853 


2 


168 


-8367- 


—20021 


82 


—42268 


-997108 


6832 


2 


172 


-3367 


-6006 


84 


— O342096 


—4I 000475 


826 


2 


. . • 


-29- 


-801 


86 




— 100077 


25 


2 




-29 





0,88 



100106 
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-2 


-3 


—4 


5 1 3-18247782 


3 


3 





— 12 


i 





-4 


-5,70000 


3 


12 


36 


35401 


4 


12 


282000 


- 3345990000 


3 


21 


3401 


334846976 


7 


,3300 


35401 


— 4III43024 


3 


101 


3503 


8990510 


2IOO 


8401 


388904000 


—52152514 


1 


102 


295I872 


1801808 


101 


3503 


41855872 


-6350706 


1 


103 


801 9456 


315441 


102 


3360600 


444875828 


- 35265 


1 


8384 


7722- 


31545 


103 


368984 


4495255 


— 3720 


1 


8448 


7726 


3605 


3IO4O 


377432 


5450298 1 


-115 


8 


8512 


154- 


90 


1048 


4885944 


450452 


—25 


8 


2- 


154 




1056 


3861 


6450606 




8 


2 


2- 




1064 


3863 


45063 




8 


2 


2 





41072 



3865 



45065 



Here, a:— 0*728727 and ar— 3*182478 are the factors cor- 
responding to the roots which we have found. The product of 
these is a?2- 3-911205a:+2-319158; and hy dividing the given 
equation by this, we get J72+ 1.911205a?-!- 2' 155955=0. The 
roots of this, which are easily founds are both imaginary. 



Exer, 6. 

Resolve the equation, a;® — 7^ + 1 5ai^ — 58ai^ + 44ar — 300=0. 

In this equation there are no permanences, and therefore there 
are no negative roots ; but, according to { 187^ there may be one, 
three, or five roots between and 301 ; limits which are so wide 
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as to be of scarcely any lise.. It is easy to see, also, that m most be 
far less than the superior one of Uiese limits ; and it will be 
found by a few trials that there is a root between 6 and 7* The 
computation of this root will be ss follows : — 



-7 


15 


-58 


44 


-300 1 6-1195379 


6 


-6 


54 


-24 


120 


— 1 


9 


—4 


20 


— jl8000000 


6 


30 


234 


1380 


14880931 


5 


39 


230 


,14000000 


-33119069 


6 


m 


630 


88O93I 


1587560 


11 


105 


3860000 


14880931 


-4I531509 


6 


102 


20931 


902094 


1444689 


17 


j20700 


88O93I 


3 15783025 


- 586820 


6 


231 


21163 


9257- 


80705 


a230 


20931 


902094 


1587560 


— 66115 


1 


232 


21396 


9279 


4844 


231 


21163 


3923490 


4 1596839 


-1271 


1 


233 


22- 


837- 


1130 


232 


21396 


9257 


160521 


-141 


1 


234 


22 


837 


145 


233 


O32I63O 


9279 


5I61358 




1 


• • 


22 


5- 




234 




49301 


16141 




1 




• • 


5 




O3235 






16146 





Hence, :r — 6*119538 is a factor of the given equation ; and, by 
dividing by it, we get 

X* —0-880462«» + 9*61 1 979*^ 4- 0-82087 1 J? + 4902335 1 =0. 

Now, this equation can have no negative roots, as we saw that 
the original equation could have none : and (by Descartes's rule), 
as there are only two variations of signs, there cannot be more 
than two real positive roots ; so that at least two of the roots 
must be imaginary. Should there be real root«, they must lie 
(Alqebba, j I87.) between and 0*880462. By trying nura- 

F 5 
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berft between these limits, however^ such as 0*1, 0*2^ 0*5^ &c.*, 
we shall find that each of them gives a result not differing much 
from 49> none of the results making any approach to zero ; and 
we conclude accordingly, that the equation has only one real root, 
— the one already found* 



Exer. 7» 



Resolve the equation, «^-|-^— 1=0. 

This equation^ it is easily founds has a positive root beginning 
with zerOj and a negative one beginning with —1. The work 
by Horner's method is as follows : •— 



10 


-100 1 0-618034 


1 


-1 1 -1-618034 


6 


96^ 


—1 





TB^ 


-a^^O 





—.100 


6 


221 


— 1 


96 


,220 


-3I79OO 


— 2IO 


-,400 


1 


17824 


-6 


221 


221 


-47600 


-16 


-4I79OO 


I 


6708 


-6 


17824 


^2220 


-892 


-3220 


-5760 


8 


894 


— 1 


671 


2228 




—221 


-89 


8 




— 1 


89 


422360 




-42220 




• • 




-8 

-2228 
-8 





— ,2236 



* For avoiding trouble in trying tenths by means of detached co- 
efficients, the tenths should be taken as units, and the coefficients of fx 
written -70, 1500, —58000,440000, and -30000000, and then 6ve 
places of decimals should be pointed off in the number found in the last 
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Exer. 8. 

Resolve the equation jp^+^r'H-^— 1=0. 

Here there is one positive root between and 2, and its first 
figure is readily found to be 0. 



10 
5 


100 

75 


-1000 1 0-54S689- 
875 


15 
5 


175 
100 


— ,125000 
114064 


20 
5 


,27500 
1016 


-3 1093600 
888801 


^250 
4 


28516 
1032 


-4204799 
178326 


254 
4 


a295480 

787 


-26473 
23790 


258 
4 


296267 
787 


-2683 
2676 


O3262 

• • 


4297054 
16- 

29721 
16 


-7 



29737 



From the given equation, by dividing by ar~ 0*5436899 we get 
x«4- 1-54368907 4- 1*839287=0 the roots of which are ima- 
ginary *y and are easily exhibited. 



column. In this way the trial of x=s*3, in the original equation, will 
stand as follows, the value of/x turning out to be ~ 29 1*36927. 

— 70 1500 —58000 440000 —30000000 | 3 

S —201 3897 -162309 863073 



-67 



1299 



-54103 



277691 



291-36927 



It would be found in a similar manner, that for x ss *] , x = *2, x =s -5, and 
xs -9, the corresponding values of/x would be —296*16569, — 293*41088, 
—291-03125, and -300*44721. 

* It may be shown otherwise, and more easily, that the proposed 
equation can have no negative root. Thus, putting it under the form 
(x' + x-h l)x— IssO, we readily see that ifxbe negative, the quantity 

r 6 
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JSxer. 9. 

Resolve the equation, d^^-f-^'+^^+^—l^O. 

By Descartes's rule^ this equation cannot have more than one 
positive root^ nor more than three negative ones ; and ({{ 187* 
and 188.) the roots must lie hetween 2 and —2. Their first 
figures are readily found to he and — 1 ; and the work for 
computing them is as follows : — 



10 


100 


1000 


-10000 1 0-5187902 


5 


75 


875 


9375 


15 


175 


1875 


— 26250000 


5 


100 


1375 


3290301 


20 


275 


23250000 


-32959699 


5 


125 


40301 


2691024 


25 


240000 


329OSOI 


-4268675 


5 


301 


40603 


237979 


2300 


40301 


33330904 


-530696 


1 


302 


3288- 


30623 


SOI 


40603 


336378 


-73 


1 


303 


3304 


68 


302 


340906 


4339682 




1 


2- 


29- 




303 


411 


33997 




1 


2 


29 




3SO4 


413 


634026 




• 


2 


• • • 





0^415 



within the vinculum is positive. Its product, therefore, by dr is negative, 
so that the first member can never be equal to zero. The same may be 
shown to be the case in every equation of the form a:* +«"*"'+ ••• +x 
— 1 bO, when m is an odd positive whole number. 
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1 


1 


1 


— 1 -1-2906488 


—1 





-1 








1 





-2IOOOO 


— 1 


1 


— 2 


5856 


— 1 


2 


— 22000 


-341440000 


-1 


2 


-928 


4U03981 


-2 


2*00 


—2928 


-4336019 


— 1 


64 


— 1064 


310728 


— 2^0 


464 


-33992000 


-25291 


-2 


68 


-575109 


20732 


—32 


532 


-4567109 


-4559 


—2 


72 


—607347 


4146 


—34 


360400 


—45174456 


—413 


—2 


3501 


-43-- 


414 


--36 


63901 


-51788 




—2 


3582 


—43 




-3380 


67483 


-51831 




-9 


3663 


• • • 




-389 


O47II46 






-9 


• • • 






-39s 








-9 








—407 








-9 









-4416 



The factors corresponding to the two roots which we hare 
found, are af— 0-518790 and ar 4- 1-290649. The product of 
these is 

:r2+ 0-77 1859*- 0-669576 : 



and hy dividing the given equation hy this, we get 

«2+0-228141a:+l«493483=0, 
the roots of which are imaginary. 
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BESOLVINO EQUATIONS. 



[Algdtrth 



Exer, 10. 

Resolve the equation, aH* -h ^* + *^ -f ^^ + a: — 1 = 0. 

Here it is readily found in the usual way^ that there is one 
positive root^ and that it lies between and 1 ; and its com- 
putation is as follows : — 
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For the reasons stated in the note to Exer. S,, p. 107.^ the 
other roots are imaginary .f 



* For avoiding the use of too large numbers, only two ciphers are 
annexed here, and three in the succeeding column ; while in the columD 
immediately preceding, only one is added, and in the one before that onC} 
none ; and a figure is cut off from the number in the first column. 

t The four equations contained in Exercises 7, 8, 9, and 10. aie com- 
prehended in a general one, which may be put under the form. 

Now it is plain that, unless ns=l, x cannot be 1 or greater than 1, as the 
first member would be greater than 1, the second. It is plain also, that 
if n, the number of terms, were infinite, the value of x would be ^ as 
(Exam. 8. p. 112. Alo.) the sum of the infinite series, ^, ^, |, &c., is I. 
The higher, accordingly, the value of n is, the more nearly does x ap- 
proach to the extreme value, ^. 

We saw in the note to the solution of Exer. 8., that when n is odd, 
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Equations having Equal Roots. 
(Algebra^ p. 194*) 

Ej^er. 1. 

Here /a?=j7»4.j;2— ar— 1, and therefore f'jf^3a;^-^2x—l. 
The greatest common measure of these^ found by } 81. or { 82., 
is J7-I- 1 . Hence there are two roots, each equal to —1. Then, 
by taking —2, the sum of these from — I, the coefficient of 
the second term of fx, with its sign changed, we find (according 
to § 176.) the remaining value of d? to be 1.* 

Exer» 2. 

Here/r=a:5— 9^2-1- 27a:— 27; and by finding/*, and for 
simplicity dividing it by 3, we get «2 — 6ar-|-9« Then the 



there can be no n^ative root ; so that there can be such a root only 
when the equation is of the form, 

a: + «* + ar* + .... + a:*"-* +«■"= 1. 

Now, in this case, x cannot be ~2, nor between —2 and — 00 , as in 
either case, each term with an even index would exceed the term pre- 
ceding it by 2 or upwards, and therefore the first member could not be 
equal to the second. Neither can x be between and — 1 ; as then the 
first and second terms taken together would give a negative amount, as 
would also the third and fourth, the fifth and sixth, &c. ; and the entire 
amount o( the first member could not be 1. The root, therefore, must 
lie between —1 and —2 ; and it is easy to see that it will approach the 
former more and more nearly, as the degree of the equation becomes 
higher: as it is only in this way that values of the several pairs of con- 
secutive terms can be made so small, that the sums of those values shall 
amount to no more than I . 

* The given equation nuiy be put under the form 

a»(ar+ l)-l(x + l)«0, or (x«-l)(x+ 1) ; 

the three simple factors of which are x — 1, x+ l,and x+ 1, and therefore 
x=ly x=— 1, and x= — 1*; so that the solution of this particular 
question, is thus obtained independently of the method given in the 
Alobbra. 
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greatest common measure of this and ^ is found by either 
method, to be ar^— 6a;-|-9 or (ar — S)^. Hence the three roots 
are each equal to 3. 



Exer. 3, 

Here, 

/r=a7*-2ar3-S^ + 4ar4.4, and/'af=4d?»—6a?2— 6x4-4, 
the greatest common measure of which is 

«2— a:— 2 or (} l6l.) (a:4.1)(a:— 2). 
Hence there are two roots^ each = — 1, and two others, each =2. 



Ej^er, 4« 

Since >=«»— 15:r8— 10^2 -4- 60«+ 72, we have /'ar=5a:* 
— 45^2 _ 20a: + 

60. Then the 1 —15 -10 60 72 (1.) 

work for finding 10—9—4 12 (2.) 

the common mea- Q\Q Q _48 —72 

sure will stand as t j — o |q /« \ 

in the margin ; ^ ' 

line (2.) being obtained by dividing f^jp by 5. Line (3.) is 
then found from (1.) and (2.) by subtraction, and by dividing 
the remainder by 6. As this result is so simple, it is natural to 
suppose that it may measure (1.) and (2.) ; and by dividing 
each of them by it, it is found to succeed. We put, therefore, 
^H-a?*- 8a7— 12=0; and by means of } 189-, we readily find 
the roots to be —2, —2, and 3. Hence, (} 195.) the given 
equation has for roots —2, —2, —2, 3, and 3. 



Ejp6t» 5* 

We have here /a?=a7«— 6ar4+3a:3 4.46ar2— 108a?4-72, and 
consequently /'ar=5a:*— 24ar3 + 9ar2^92d7— 108. Then the 
operation for finding the greatest common measure, according to 
} 82., will be as follows : — 
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1—6 3 46—108 72 (1.) 

5 — *24 9 92 —108 (2.) 

5 —30 15 230 —540 3 60 (3.) 

6) 6 — 6—138 432 "^60 

1 — 1—23 72 — 60 (4.) 

3 —18 9 138 —324 2T6 (5.) 

10 —48 18 184 —216 (6.) 

3 -^ S -39 156 -140 (7.) 

3 — 3 -69 216 -180 (8.) 

5) 5 —30 60 — 40 

1 — 6 12— 8 (9.) 

5) 5 —35 80 — 60 

1—7 16—12 (10.) 

1- 4 4 (11.) 

In this, (3.) is got from (1.) ^7 multiplying by 5 ; and (4.) 
from (2.) and (3.) by subtraction, and by dividing by 6. Lines 
(5.) and (6.) are obtained from (1.) and (2.) by multiplying by 
3 and 2 ; and (7.) from (5.) and (6.) by addition. We then get 
(8.) from (4.) by multiplying by 3. ; and (9.) is derived from 
(7.) and (8.) by subtraction, and by dividing by 5. Line (10.) 
is obtained by taking (9.) from (4.) and by dividing the re- 
mainder by 5 ; and (11.) is the difference of (10.) and (9.). 
Now (11.) will be found by division, to be a measure of (1.) 
and (2.); and we put, therefore, jp^ — ^'{-4i:=.0, or, what is 
the same, (a?- 2)^=0. Hence (} 195.) the given equation has 
three roots each equal to 2 : and by dividing it by the cube of 
X — 2, we get x^ — 9=0, and therefore ar=±8. 



Reciprocal and Binomial Equations. 
Algebra, p. 199*) 

ExcT. 1. 
In the solution of this exercise given in the margin, equation 
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(1.) is derived from 

the given equation 3(x^ '^ar^)+2(x ^x"^) -- 341=^0 . . . (l.) 

by connecting the 3(y2~2)4.2y_34=;0 (2.) 

first and last terms, 3y24-2y-40 (3/ 

and those equally y= y* and y= —4 (4. 

distant from them, ^=KV^if) (5. 

and dividing by x^; a:=3, and ^=^, or ^=3*^ (6. 

and from this, equa- ^=y( — 4-+2 V3) ^7., 

tion (2.) is obtained, ar=— 2± ^/3 (8.) 

by means of equa- 
tion (5.), Algebra, page I96. Equations (3.) and (4.) are 
derived from (2.) by obvious operations, and by Algebra, } 152. 
Then (5.) and (7.) are obtained by substituting, successively, 
the values of y in equation (9.), Algebra, page I96. ; and from 
them we derive (6.) and (8.) by contraction. 



Ea^er, 2. 

Here (Aloebba, § 197.) one of the roots is — 1. Dividing, 
therefore, by ^+1, putting the quotient =0, connecting the first 
and last terms, the terms next them, &c., and dividing by x^, 

ink Vrt^ExS 1 2(y*-2)-%-l=0 (2.) 

ril^ Js V and 2^-3*= 5 (S.) 

^mt£-V)1 y='±^q±^ (4.) 

derived by easy . , , , v 

operations. The !/=hj^y= - 1 (5.) 

lesolution of this ''+* ~J,' .... 

gives (4.) and (5.) ; «"«» ^ +^- = - J ( 

which become (6.) i=£±vl25--16) 



(6.) 



by substituting its ^ 

value for y. The =2, and a7=^ ^7.^ 

rest of the work *^ + a:= — 1 (8.) 

consists in multi- ^=M — 1± ^/(L^^)^ (q \ 

plying in the first =^(-l± ^/-3) J ^^•'^ 

of the equations 

marked (6.) by So?, and in the second by x, and resolving the 

equations so obtained. 
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Exer. 3. 

Id this exercise, according to } 198.^ two of the roots are 
1 and — I ; and 

equation (1.) is iar^-(>4jp84-15x«-64«4-l6=0 . . (I.) 
obtained from the l6(x2+ar-2)— 64(j:+x-i)4.15 = . (2.) 

given equation by l6(y2 — 2) — 64y + 15 (3.) 

dividing by x^—\. l6^-64y = 17 (4.) 

From this (2.) is y= y, and y= -^^ (5.) 

got by the usual x-|-j:~"* = y (6.) 

method of connect- ar=4, and ar=^ (7.) 

ing the terms, and jr4-ar~' = — ^ (8.) 

by dividing by x^i ^^^^^l^. ^Hg^j q^\ 

and (3.) is the same 

as (2.) modified according to (3.) and (5.) in Exam. 1., p. 196. 
From (3.) we derive (4.) by obvious operations ; and (5.) is got 
by the resolution of (4.). Equations (6.) and (8.) are obtained 
by giving to y, or its equal j7H-^~~'> the two values found in (5.); 
and (7.) and (9.) are got from these by multiplying by 4r, and 
by resolving the resulting equations. 



Exer. 4. 

Here, as in the preceding exercise, two of the roots are 1 and 
— 1, and we get 

equation (1.) from 8j^4-24j:*— 125^:3 + 24ar2-|- 8=0. . . (1.) 
the original equa- 8(a:3H-a:-3)-|-24(x4.jr-»)— 125=0. . (2.) 

tion, by dividing by 8(y3—3y) + 24y- 125=0 (3.) 

a-2- 1. Equation 8^^=125 (4.) 

(2.) is obtained y=f ^1 (5.) 

from (1.) by con- jr-f ar^^sf ^1 (6.) 

necting the terms 2a72 — 5^1*0:= — 2 ^-jr^^ 

in the usual way ar=i{5-^l± VPSC-^l)'^— 16]} . . (8.) 
and dividing by x^; 

and (3.) is got from (2.) by equation (4.), Exam. 3., p. 197.> 
and (3.), p. I96. From this (4.) is got by contraction, &c., 
and (5.) by extracting the cube root and dividing by 2. Equa- 
tion (6.) is the same as (5.) ; and (7.) is obtained from it by 
multiplying by 9.x and transposing. Lastiy, (8.) is found by the 
resolution of (7*)* 
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Exer, 5. 

Here we have 1024=1024 X 1, and, therefore, 1024'^=:4xP. 
Then one of the fifth roots of 1 being 1, we have 4 as one of the 
fifth roots of 1024. Let now x be put to denote a fifth root of 
1, and we shall have a^^l or d?^— 1=0. Dividing this by 
d? — 1, we get equa- 
tion (1.), and from it a:4 4-4?3-|-d72-j-ar-|-l=0 (1.) 

(2.) is obtained in the ar2-f ar-^-|-a?+^-i4-l=0 (2.) 

usual way, by con- y^—9,-\-y-^\=^0 ^3.) 

necting the first and y=K"~^i V^^) v^O 

last terms, and divid- x-\-af ^==5( — li\/5) (5.) 

ing by x'^. Equation 2a72-|-(l + ^5)ar=— 2 (6.) 

(3.) is then had by ^__ —l±V5± ^/( — 10±2^/5 ) .„\ 
means of (5.) and 4 • v •/ 

(3.), Algebra, p. 

196.; and (4.), and which is the same, (5.), by the resolution 
of this. In the last place, (6.) is found by midtiplying by 2«r 
and transposing, and (7*) ^7 resolving (6.). 

Exer, 6. 

In this exercise we have (} ipS*) ^=1 and x= — 1 ; and, by 
dividing by x^—l, we get a:2-|-l=0 ; whence «=+ a/— 1. 



INDETERMINATE COEFFICIENTS. 

(Algebra, p. 202.) 

Exer. 1. 

Here it is easy to see that the first term of the answer must 
be 1 j and as the divisor contains successive powers of w, it is 
natural to suppose that the required quotient will be composed of 
such powers. Hence we assume 

- — l__.=:14.Aiaf + A2ar2+A3af» + A4«44. &c. ... (1.) 
1 — x-^-x^ 
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Hence, by multiplying by 1— ar-|-x^, we get 



1=1+A, 


*+Ai, 


:r«+A3 


«» + A4 


— 1 


-A, 


-A, 


-A3 




+ 1 


+A, 


+Aj 



— &c Y . . (2,) 
4-&C.J 



Aj-Ai-fl-O, 
A4-A,4-A2=0, 



A2=Ai— 1=0, 
A4=A3 — ;A2= — 1> 



We baye accordingly, 

Ai-1=0, 

A3-A24.Ai=0, 

A 5 — A4 -|-A3=0, &c. : 

and bence, 

Ai=l, 

A3=A2— Ai=0— 1=-1, 

A5=A4-.A3=-1 + 1=0, &c.; 

and tbe substitution of these in (1.) gives the answer in its first 
form. The second form may be obtained by dividing the first 
by 1 +^, and then indicating the multiplication of the quotient 
by the same.* 

Eaper, 2. 

Let 1+Aia:4-A2a:^+A3ar3-|- &c. be assumed as equivalent to 
the given fraction. Then by multiplying by l'\-x-\-z^-^x^, we 
get 



=1+A, 


«+Aj 


'^ + ^3 


a)»+At 


x*i- he. 


+ 1 


+A, 


+ Aij 


+ Aj 


+ &e. 




+ 1 


+A, 


+Aj 


+ &C. 






+ 1 


+A, 


+ &C. 



Hence Ai 4-1=0, 

A3 + A2 + Ai 4-1=0, 



A24-Ai 4-1=0, 

A4 + A3 4-A2H-Ai=0, &c. 



The first of these gives Ai=— 1, the second A2=0, the third 



* This exercise may also be neatly and easily solved by multiplying 
the numerator and denominator of tbe given fraction by 1 + x, as by this 

means it is transformed into (l+x) . Then, to evolve tbe second 

factor in a series, assume it equal to 1 + K^ + Agx" + &c. ; and by 
multiplying by l + x*, equating the coefficients, &c., the series will be 
found to be 1 — ar'+x'— jr^^ &c. ; and the answer is the product of this 
by 1 + *. 
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A3=0^ the fourth A4=l^ &c. ; and the first form of the answer 
is found by substituting these in the assumed series. The second 
form may be obtained from the first by dividing by 1 — x, and 
indicating the multiplication of the quotient by the same.* 



Exer, S. 

In this exercise we might assume 1 -|>Aia; + Aj^^-j- &c., as 
the root ; and by squaring and equalling the coefficients, &c, we 
should get the values of A^, A^j &c. By a little consideration, 
however^ it is easy to see that the root wUl contain none of the 
odd powers of x, since, if there were any such, its square must 
contain odd powers, which, however, do not exist in the proposed 
quantity, 1 +'^* Let us assume, therefore, 

V(14-a:2)=l4-Aa^+A4^+A6a:6 4. &c (1.) 

Then, by squaring, we get 

4- &c! r • • (^-^ 



l+a:2=l+A2 


^2 + A4 


^+A6 


+ A2 


+A22 


-I-A2A4 




+A4 


+A2A4 

4-A6 



Hence, 

2A2=1, 2A4 4-A2*=0, 

and consequently 



2Ae-f 2A,A4=:0, &c; 



A — 1 



1 A 2— 

4— — 3fA2 — 



2-4 



Ag— . — A2A4— - 



IS 



fiCC * 

2-2-4 2-4-6 ' ' ' 
the Bubatitution of which in (1.) gives the answer.t 



• By multiplying the tenns of the proposed fraction by 1 — dr, we 
reduce it to the form, (l—x) ^ Hien the series equivalent to the 

second fitctor is readily obtained by assuming it equal to 1 + A^s^ + AgX* + 
&c., by multiplying by l—x*, &c, 

t Tlie result required in this exercise is easily found from the answer 
to the example in the Algebra, page 201., by taking a si, and changing 
X into «*. 
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Binomial Theorem. 
(AliOEBRA, p. 208.) 

Exer, 1. 

Here n=5 and ^(n — 1)=2 ; an4, by § 211., the first terra 
of the answer will be aK From this the second is derived by 
multiplying by 5 and by op, and dividing by a : it is, there- 
fore, Saf^x, and by multiplying this by 2 and x, and dividing by 
a, we find the third to be lOa^^r'. Then, according to the note 
in the Algebra, page 206., there will be six terms in the whole 
development, and the coefficients of the three still to be found 
will be 10, 5, and 1, the same as those obtained already, taken 
\n a reversed order. The required power, therefore, is 

o« H- 5a*;p 4- 1 0o3^2 _^ 1 Oa2^ -f 5a:r4 -1- ^. 

Exer. 2. 

In this exercise the coefficients will be the same as in the 
last, the index being the same. The first term will be a^^ (the 
fifth power of a^) ; and from this the next term without its co- 
efficient is found, by multiplying by —x^ and dividing by a^, to 
be ^a^x^ ; from this again, by a like process, the third, without 
its coefficient, is found to be a^x^ ; and so the other terms may 
be derived. The law of formation, however, is evident without 
the formal performance of such operations, the index of a being 
continually diminished by 2, and that of x increased by the same, 
and the terms being alternately positive and negative in con- 
sequence of the multiplications by — x^* 

Eaoer. 3. 

Here, following the method adopted in the solution of Exam. 2.9 
Algebra, page 207*> since the index is ^, we have J9=l and 



* The answer to this exercise may be derived at once from that of the 
last, timply by changing a into a', and x into — «*. 
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9=2; and therefore the multipliers i(w— 1), ^n — 2), &c. 
are found to he 

Then, hy J 211., we have 

2 a42 aao42 a a a 

5 S lli X X X X . f. 

86 42 aaaa 

This, hy dividing all the terms of the second memher hy a^ and 
indicating the multiplication of the quotient hy the same, and 

hy some ohvious modifications, will take the form (0+^)^= 

^,-1 a?_ 1 3^ VS ^_ 1-3-5 ar* ^ v 
'*^"*'2"i 2^* S2"*'2-4-6 • ^ 2^N8' ^4+ *^->'> 

which, except a slight change of form, is the same as the answer 
in the Algebra. 

Ewer. 4. 

Between this exercise and the last, the sole difference is^ that 
the sign of x is contrary. The answer of this exercise^ therefore, 
will he ohtained from that of the foregoing, merely hy changing 
(} 118.) the signs of the terms which contain the odd powers of 
a as factors.* 

Exer. 5. 

Here we have J9=l and 9=3, and the multipliers, 

^(n-l),i(n-2),&c, 
are readily found to he 

2 « _ 8 A.« 



* It will be useful for the student to find the answer to this exercise 
independently of that of the last ; and from it, when so found, to derive 
the answer to the last by changing the signs of the odd powers of 4:. 
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The first term of the development, alsa, according to } 211.^ ii 
a^ ; and the second, thirds See, without their coefficients are 





a^^2 


a^x^ 


a 




a3 



and the coefficient of the second terra is ^ ; that of the thirds 

X — ^ , or — - -2. ; of the fourth, — _.. x — - or - -_— , &c. 
3 6 3-15 S-G 9 3-6-9 

Hence the answer will he ohtained hy applying these coefficients 
to their proper terms^ and the result will he conveniently modi- 

fied by dividing all the terms by a^, and indicating the multi- 
plication of the quotient by the same. 

Exer, 6. 

In solving this question, the process will be exactly the same 
as in the preceding, except that cfi and x^ must be used instead of 
a and x. The answer, in fact, will be derived from that of the 
last by changing a into cfi, and x into x^, 

Exer, 7' 

Between this and the last, the sole difiference is, that we have 
here — a^ instead of a^, and consequently, by extraction, — x 
instead of x ; and therefore the answer will be obtained from that 
»i the last (Algebra, } 118.), by changing the signs of the terms 
containing odd powers of x.* 

Exer. 8. 

Here the quantity to be expanded is (a+a?)"^, so that n= — 1 ; 
and, consequendy, 

^(n-l)=-l, Kw-2)=-l, K»-S) = -l, &c. 
The terms, also, without the coefficients, are (§ 211.) a"*, a~'ar, 



* The student, for his improvement, should solve this question and the 
preceding^ independently of one another, and of Exam. 5. ; and he will 
feel no difficulty in effecting this after having made himself acquainted 
with the solution of the 5th. If he do this» he will find, that frova. the 
solution of any one of the three questions, the solutions of the other two 
may be derived. 

O 
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ar^jc^, &c, : and therefore the answer given in the AiiGBbra is 
found hy means of the formula in } 211.^ and by taking the 
quantities having negative indices to the denominators. 

By taking a;+a as denominator, we should get^ as another 
answer, 

W JT JT X^ 

and the like may be done in many other cases. 

Exer. 9- 

In expanding this quantity, (o+a:)"', we have n= —2 ; and, 
consequently, 

-Kn-1)=-|, K^-2)=-$, K~-3)=-f, &c. 
Also (Algebra, } 211.), the terms without the coefficients are 

a "2, a'^x, a~*x^, &c. 
The formula in § 211. gives us, therefore, 

(o-|-a:)-2=a-2-2a-3*-|-Sa-4a;2_4^-6^3^5o-6^-. &c., 

the answer in the Algebra, when the quantities with negative 
indices are taken to the denominators. 

Exer, 10. 

Here, since the quantity to be expanded is o^(a'— /r*)"^, the 
latter factor is to be developed by the binomial theorem, and the 

result is to be multiplied by a^. In expanding (o^ — /lySj-^^ ^^ 
have p= — 2 and q=i3 (or p=2 and q= — 3) ; and, therefore, 

^(n-l)=-|, ^n-2)=-f,i(»-3)=-^^ &c. 
Also (} 211.), the terms without the coefficients are 

2 

(a^)"^ or a~^ ; -^a'^.a^Kx^ or ^a'^ae^; — a~*.a"3. — -^^ 

a~^a^y &c. 

As to the coefficients of the several terms, the first ({ 211.} Ig 1 ; 

the second, ; the third, — - x — ^ = — ^ ; the fourth, 

3 3 o 3*0 

2*5 8 2*5*8 

-^ X — = — „ - ; &c. Substituting the values thus obtained 

3-6 9 3*6*9 

in the series in {211., multiplying by c^, and taking the qiuou 
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titles with negative indices to the denominators, we readily obtain 
the answer given in the Aloebila. 

Exer, 11. 

Here (a— x)(a+J?)~ is the quantity to be expanded. The 

required result, therefore, will be obtained by expending (a+j7)~~^ 
by the binomial theorem^ and multiplying the series so obtained 

by fl — X. In expanding (a-|-x) ^by means of } 211., we have 
as the successive terms without the coefficients, 

a ^y a ^jr, cT^w^, &c. ; 

and as the successive multipliers, K^~^)* K^~^)^ ^^*> 

""■Jj ii — TIT* ^^* 

Hence, by } 211.^ we get the answer in the Algebra^ after mul- 

1 
tiplying by a^ and by a~x, and by indicating the division by 



CONTINUED FRACTIONS. 
(Alobbra, p. 2190 

Bxer, 1. 

The work for finding the several quotients will be as follows : 
(flee the Author s Arithmetic, page 81.) 

965)351(0 

351)965(2 
702 

263)351(1 
263 

88)263(2 
176 

87)88(1 
87 
1)87(87 


Then the work £or finding the converging fractions will stand thus : 

o s 
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0, 2, 1, 2, 1, 87, 

T» if if "t* "vrf "ffti' 

Exer, 2. 

In this exercise the quotients are found thus : 

251)764(3 
753 



11)251(22 
22 

31 

22 

9)11(1 

9 
2)9(4 

1)2(2 



Then the process for finding the converging fractions will be as 
foUows : 

Hf Xl^y M.f 4y Jby 

3 67 70 347 764 
T> "Sir* Tff* Tr¥> T5T' 

ExcT* 3* 
1769)5537(3 
5307 

230)1769(7 
1610 

159)230(1 

159 



71)159(2 
142 



17)71(4 
68 

3)17(5 
15 

2)3(1 

1)2(2 
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Of 7> 1^ ^f ^9 ^9 *> *» 

3 3? aj? X4 313 1637 1 9g0 ««37 



Exer, 4.* 



121)196(1 
121 



75)121(1 
75 



46)75(1 
46 



29)46(1 
29 

17)29(1 
17 

12)17(1 
12 



5)12(2 
10 



2)5(2 
4 



1)2(2 
2 



1, 1, 1, 1, 1, 1, 2, 2, 2, 

i 5. a 5. J. 13 34 81 196 



* llie ratio of 196 to 121 is that of the old Irish '< Statute acre" to 
the imperial acre, 121 of the former being equivalent to 196 of the 
latter. 



o S 



126 CONTINUED FBACTI0N9. [AlfffbrOf 



Exer. 5. 

Here, by com- - 

paring lines (2.) ^2=1 + -i (1.) 

and (3.), we see ^i 

that the values of ^j=_l =^^2 + 1 = 2 + i- ... (2.) 

^u ^2* ^3» ^C'> v2— 1 «a 

would all be the __ 1 

same, so that each ^a = ^^_j— *i W 

of the denominators ,^ i _i_ i 

must be 2. The '^ '*"*+^+&c 

work for finding 

the converging fractions is as follows : — 



1, 2, 2, 2, 2, 2, 2, &c 

137 17 41 99 239 A.f 

T> 7» T> TTT* ^rw> TXT* TFgr> «*! 



-Barer. 6. 



>v/28 = 54- — 

^ V28-5 3 ^ a?a 



3 



3 ^vigS+f^g+l 
* V28-4 4 ^ a? 

4 _ a/28+4 _,. 1 

Xji= = =r3+ — 

^ ^/28-4 3 ^0^4 

1 

^ ^28-5 ^ 

Hence, the denominators of the fractions are 3, 2, «S, 10^ repeated 
without limit The converging fractions are found as follows :— 

5, 3, 2, 3, 10, 3, &c 
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Exer. 7» 
« - i _V45 + 6_, , 1 

•Ti — 5,2= =1-4- 

* V45-6 9 «» 

\/45 — 3 4 x^ 

' V'4.'>-5 5 *4 



* ^45-3 9 «6 



'T=;;4b6='' 



Hence^ the succeeding quotients will be 1^ 2, 2^ 2, 1, 12, re- 
peated without end. The work for finding the converging frac- 
tions wiU stand thus : — 

6, 1, 2, 2, 2, 1, 12, &c. 

e 7 20 4 7 114 16 1 3046 A.« 
T> T^ ^* T* TT* 12T* BUT ^ «C. 



J?arcr. 8. 



V52=7+-- 



* '•52-7 3 «2 

_ ^/52 + 5 _^ ^ 1 



3 



V52-5 9 ^ 

:r,=_^=.^^^-?±i=2+I 
* V52-4 4 ^ «4 

o 4 



128 CONTINUED FRACTIONS. [A^fdfTdi 



9 ^./5?+5 ^ 2 
* V52-5 3 J76 

;re=— A— = ^/52 + 7=14+ - 
V52— 7 ^7 

1 __ 



V52-7 



The periodical quotients, therefore, are 4, 1, 2, 1, 4, and 14; and 
the work for finding the converging fractions will be as fol- 
lows : — 

7, 4, 1, 2, 1, 4, 14, &c. 

7 29 36 101 137 649 922 3 A,« 



JEorer. 9. 

^53= 7+ i- 

^ _ 1 _a/53H-7_^ . 1 
' v53-7 4 d?2 

.,=— ^—=-^^-±^=1+-! 



*3 



_ 7 ^ a/53 + 2 _ 1 

v/53-2 7 " 3:4 

^_ 7 _ .^53 + 5 _^, 1 
* V53-5 4 ^ ^Tg 

V5J — 7 d?6 



1 

a/53-7 *• 



XqZ= —— =^ 



The quotients, therefore, are 3, 1, 1, 3, 14, continually repeated. 
The process for finding the converging fractions will stand as 
follows : — 
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7y 3, I, I, 3, 14, &c 

h ¥. V. V. W» SW> &C. 



J?xer. 10. 

In solving this exercise, the first quotient and remainder are 
found to be 4 and 2684 ; the second, 7 and 2141 ; the third, 
1 and 543 ; the fourth, 3 and 512 ; the fifth, 1 and 31 ; the 
sixth, l6 and l6 ; the seventh, 1 and 15; the eighth, 1 and 1 ; 
and the ninth, 15 and 0. Then the process for finding the 
converging fractions wiU stand as follows : — 

4, 7, 1, 3, 1, 16, 1, 1, 15, 

4 29 3 3 128 161 2704 28CA 5 A 69 86400 
T> T > T f TT* ^^ > ^5T' ITSi ' 1349' IHf^TW 



Exer. 11, 

By reducing 365 days to seconds (by multiplying successively 
by 24, 60, and 60), we get 31,536,000; and adding to this 
20929? we get ^1,556.929? the number of seconds in the civil or 
solar year.* We find also, by successive multiplications by 24, 
60, and 60, that the number of seconds in the mean synodical 
month is 2,551,443. Then, by the usual processes in division, 
we find the successive quotients and remainders to be 12 and 
939613; 2 and 672217; 1 and 267396; 2 and 137425; 
1 and 129971 ; 1 and 7454 ; 17 and 3253 ; 2 and 948 j 3 and 
409; 2 and 130; 3 and 19; 6 and I6; 1 and 3; 5 and 1; 
and 3 and 0. The converging fractions will be found as 
follows : — 

IXf Zf 1, "i 1, 1, iif ^f Of z, J, 

13 25 37 99 136 2 35 413 1 8497 29622 6 7741 232 8 45 
T? TF f ^> 'S ' TT' Tff' T3T » WET > 23d5 » 1STT7 > O 8 5^ > 

6, 1, 5, 3, 

146481 1 16 9 7 6 5 6 9 9 5 3 9 1 3 16 5 6929 
1 18 4 3 3 ' T7T5'5^» 804728 > IfZTTfTS 



The same would, of course, be found b^ reducing 365d. 5h. 48m. 498. 
to seconds. 

G 5 
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Ewer. 12. 

Here we may assume 

a:=S-f|4^^i. where y=4-fi+j^i^ 

Then, by the usual process^ as in the margin^ we find ar= q^ 1 1 

andy=:?ll^?. From the first of ^ ^ - 

tbese^ by multiplying by the denominator, 3 7 10 IQy+T 

&c., we get y=lz:^. Then, by l' 2' T' 3^+2 

StT — 10 

substituting this for y in the second of 4, 2, 3, y, 

the preceding equations, multiplying the ^ g ^|^ 31t/4-Q 

numerator and denominator of the second r > - > -=- ^ ,y ^ 

member by 3ar — 10, contracting, freeing ^'" 

the result of fractions, &c., we get the 

answer. 



INDETERMINATE ANALYSIS. 

(Algebra, p. 227*) 

Exer. 1. 

The work in this process is 

so simple as to require no ex- 2ar + Sy=25 

planation. To get positive values 25 — Sy -^ 1 — y 

for y, it is plain that no positive 2 g 

value can be assigned to t? ; and x —y 

that to have x positive, as well g "^^ 

as y, V cannot be less than — 3. f/=i 2« 

This appears from the following 
table : — 



ar=:ll-f3« 



f? . . . . I, 0,-1, —2, —3, ~4, &C. 

a: 14, 11, 8, 5, 2, — 1, &c 

1/ .... — 1, 1, 3, 6) 7, 9^ &c 
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To solve this according to the method pointed out in the 
Algebra, ^232,, we have a=2, b=3, and c=.26; and the 
quotients obtained by means of a and 6 are 0> 1, and 2, Also 
p and q, found as in the margin^ are each equal 
to 1 ; so that i:=3 -> 25-f-Sv^ and 2^=25 — 2v, the 
lower signs being used in the expressions found 
for Of and y, in { 232.> because p and 9 occupy an 
even place in the work in the margin. By 
changing in these i) into t?-|-8, we get a?=3t>— 1, and y = 9— 2t?. 
Also^ by changing v into v-\-\2, we get the same expressions for 
ff and y that were found by the first method. 



0, 


1, 


2; 





1 


2 


1' 


1' 


S' 



^arcr. 2. 



5*+7y=52. 

52— 7y ,rt . 2— 2jr 
4?= — -— ? =10— y+ — ^. 

2--2y 

-i==t?, and therefore t?,=2t?. 
2 ^ 

y=l— 5r, and ar=9 + 7«. 

« . . . . 1, 0,-1, —2, &c. 

X . . . . 16, 9* 2, —5, &c. 

y .... — 4, 1, 6, 11, &c. 



In solving this according to } 232.^ we have a =5, &•= 7> and 
e^52 I and, as in the mai^n, we find p = 2, and 
g=3 : and thence we get j7=156-|-7«, and 0, 1, 2, 2; 
yss— 104— 5«. By changing t? into «— 22. we 12 5 
obtain the simpler expressions, 47=2 -|- 7 v, and l* ?• q' 7" 
y=6 — 5v, Also by changing v into «— 21, we 
find ar ^ 94"7»> and y= 1 — 5«, the same as by the first method. 

o 6 
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Exer, 3. 
4ar+13y=229. 

4 4 

_Il?=t?; and therefore y=l~4v, 

4 

and a:=54+ 13«. 

The following table exhibits the values of x and y which merit 
consideration : 

« 1, 0, — 1, - 2, — 3, — 4, — 5, &c. 

X 67, 54, 41, 28, 15, 2, —11, &c. 

y 3, 1, 5, 9, 13, 17, 21, &c. 

In employing the second method we get p=l, 9= 3, 
^= —687 -I- 13t7, andy=229 — 4t>. Then, by changing v first into 
53 -I- V, and again into 57 + v, we get in the fost place ar=2 -|- 13©, 
and y=17— 4tJ, and in the second ar=54-t-13«, and y=l — 4t?; 
the latter two values agreeing with what was found by the first 
method. 



Exer, 4. 

3a: + 5y=7. 

3 3 ^3 

Hence, 

—"*-?!=:«, and therefore y=3t?— 1, 
3 

and a:=4— 5«. 

t> 0, 1, 2, &c. 

X 4, —1, —6, &c. 

y —1, 2, 5, &c. 

In employing j 232., we get |)=1, 5=2, ^=14 + 5v, and 
ysz — J—Sv. Simpler expressions for ar and y may be found 
either by changing v into — 3 + vor— 2 + v; the first substitu- 
tion giving 07 = — 1 + 5r and y = 2 — 3« ; and the second «•= 4 + 5v 
and y=s — 1— 3w. 
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Exer. 5. 

7 7 

5±^=:vi, and therefore yJIhZ^:=8v^-^2'^'^rz} , 

^~ =t7, and therefore Di=2v + 1. 
2 ^ 

Hence, 

y=7t;+l, and ar=9v+2. 

«....— 2, —1, 0, 1, 2, 

X -16,-7, 2, 11, 20, 

y —18, —6, 1, 8, 15, 

In employing the second method, we find p = 3 and q=^^ ; 
and, since 7^ and —9y have contrary signs, we have (} 2S2.) 
a:=20-f9« and y=15-)-7v. By changing « into v— 2, we 
should get ^=9vi- 2, and y=:7«-|- 1 ; which are the same as th? 
values found by the first method. 

Eaer. 6, 
8j:-7y=l. 

f/= =x4- : 

^ 7 7 ' 

j»— 1 

=«, and therefore j:=7v+1. 

• I 

and y=8t?-f-l. 

t) .... — 2, -1, 0, 1, 2, 

X ... . —13, —6, 1, 8, 15, 

y —15, —7, 1, 9, 17, , 

In working by the second method, we find /)=!, y=l, 
jp=zl ■j-7v, and y=l -fSv. These values are the same as those 
obtained above, and are the simplest that can be found. 

Exer, 7» 

By taking the second equation from three times the first, and 
dividing by 4, we gety+2«=l6; whence yszlij — 2z: and, by 
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substituting this yalue of y in the first equation, transposing and 
contracting, -we get i:=iv~4. Hence the answers are found b? 
assuming x successively equal to 1, 2, 3, 4^ 8iC., and finding the 
corresponding values of x and y. 

Easy solutions may also be obtained by eliminating successively 
y and z. Thus, by eliminating y we should have x — :r=4 ; 
while, by eliminating iv, we should get 2x'\-yssS : fit>m each of 
which a solution may be obtained with great facility. 

Exer. 8. 

Here, to find positive answer:^, we may assume z successively 
equal to 1 , 2, 3, . . . , as long as we shall find that such assump* 
tions will give positive values for x and y. Thus^ by taking 
«=1, and by transposition, the given equation gives 2ar + %:=17 ; 
and^ by either of the methods already employed, we find that the 
values of s are T, 4, and 1 ; and that the corresponding values of 
1^ are 1, 3, and 5. Again, by taking z=2 in the given equation, 
we get 2;r + 3^=l.S ; and thence, in either of the usual modes, 
we find that the values of x are 5 and 2, and those of y, 1 and 3. 
In the third place, if we assume z=z3, we get 2j? + 3y=9 ; the 
only whole positive values of x and y belonging to which are 
3 and 1. If, again, i2r=4, the given equation becomes 2X'\-3y=^5; 
an equation in which it will readily appear that the only whole 
positive values of x and ^ are I and 1. Here the solution ends, 
as by taking z equal to 5, 6, Sec. it would be seen, that die 
resulting equations would give no simultaneous positive values of 
X and y, 

Exer, 9. 

Since the respective numbers of sixpences in 1.50/., in 4«. Qd.^ 
and in 21*. are 6000, 9* a^^d 42, we have, by the question, and 
by dividing by 3, 34?-fl 4^=2000 ; where x denotes the number 
of dollars and y the number of guineas. From this we get 

*=?222^y =667-5,+ Itl. 

Then, by putting the fractional part of this latter expression =v, 
we get |^=3t)-f 1 ; and by substituting this in the foregoing value 
of iT, we find 07=662— 14t>. Hence, by taking v=0, we get 1 
as the least positive value of y, and 662, the greatest one of x ; 
and the succeeding values of y would be found by succeidvt 
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idditions of 3 ; while those of x would be obtained by continued 
subtractions of 1 4 from the first, 662. Now, by dividing 662 by 
14y we get 47 as quotient with the remainder 4 ; whence it 
appears, that, besides 662 itself, there are 47 poaitire values for 
«, corresponding to positive values of y, and that the last of them 
18 4. The entire number of answers, therefore, is 48. 

Exer. 10. 

It is plain, that if 1 be added to any number which is a com- 
inon midtiple of 2, 3, 4, 5, and 6, the sum will answer all the 
conditions of this question except the last. Assuming ae, therefore, 
to represent the required number, and, for simplicity, employing 
60, die least common multiple of 2, 3, 4, 5, and 6, we have 
ar=60y+ !• By the last condition of the question, also, we have 
ar=7«- Hence, therefore, 7i8f=6*Oy-|- 1; from which, by dividing 
by 7f And otherwise following out the usual process, we readily 
findy=7t? — 2; and thence 7ss or 47(=6()y4-l)=420t7— II9. 
The answer in the form given in the AiiOEBRA, is derived from 
this by changing v into 1 -f v. 

Exer. 11. 

According to the method pointed out in the Alobbra, in the 
note in page 228., we have merely to determine the whole positive 
values of je and y in the equation 6x-^ 11;^:= 191* Transposing 

11«, therefore, and dividing by 6, we get a:=32— 2y+?-^ 

o • 

Then, by putting the fractional part equal to », we get y=6v-f 1, 

and, consequently, a: =30— lit?. Hence we have the first part 

(=6x+5)=185— 66w, and the second ( = 1 ly + 4) =: 66t? + 1 5 ; 

and the answers are found by taking v successively equal to 0, 1, 

and 2. 



DIOPHANTINE ANALYSIS. 
(Algebra, p. 242.) 

Exer, 1. 

Here we have ar^+a:^ a square, and from this, by dividing by 
dr^> we get ar-f 1> which must also be a square. Let it be assumed 
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:=«*: then d?=:v*— 1, where v may be of any value whatevoi. 
As examples, if »=2, we have x=3, and 47*4-*^ =36=6*^; 
while if t?=:3, wehavear=8, and dr3-fjr2 =51 2 + 64=576=24?, 
It is easy to see that in general terms^ je^-^z^=z(x-{'1)j^zs 

Exer, 2. 

By making the assumption pointed out in the note in the 

Algebra, page 243.^ we satisfy the first and second conditions of 

the question^ jr^ -j- 2a: -|- 1 and x^— 2af+I being each a square. 

Then, the sum and difference of the assumed quantities being 

2ar^ and 4ar, it remains, that we find such values of J7 as shall 

make 2x^ + 1 ^^^ 4j?-|- 1 squares. Assume the latter =6^ ; then 

v^ -1 
X = . Let this be substituted for x in the former ex- 

4 
pression 2x^ + 1, and the product of the result by the square 
number 1 6, is 2u* — 4v2-f 18, which must be a square; and, by 
trial, we find that it is such, when «=!. Substituting, therefore^ 
y + 1 for V, according to } 243., we get 2y* -f 8y3 + 8y« + 1 6. To 
make this a square, assume it =(«iy-+4)2*=t?i-y*-4-8«;,y*-4-l6. 
Then, by rejecting l6, and equalling 8v^ and 8, the coefficients 
of y^, we get v, = l, and consequently 2y* + 8y3 + 8y'-=y*-|-8y^ ; 
whence, by rejecting 8y^, &c., we get y=— 8; and thence 

i)(=y-\- 1)=— 7. Hence x ( = — - — ) =12, and consequently 
^-'-h 22: =168, and 2:2 -22:- 120. 



Exer, 3. 

Let X and 4?-f 1 represent the required numbers; then, by 
taking the difference of the cubes of these we get 3a?'^4-Sa:-f 1, 
which by the question is to be a square. Let this be assumed 
equal to (t?2:— l)-, and it will be found by easy operations^ that 

a = *— , and consequently 2: -}- 1 = — -^ — . The solution 

t?2_3 t?2— 3 

would be rendered rather more general by assuming x and x -fv^ 

to represent the required numbers. In proceeding in this way 

* We are plainly at liberty to omit in this the term v^, as there is no 
term containing y in 2y* + 8y' + 8y" + 1 6. 
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the difierenoe of the cubes would be divisable by y^, and the rest 
of the work would be easy. The values of the required numbers 
would thus be found to be the same as the products of those above 
obtained, when multiplied by y- ; results which we should 
naturally anticipate widiout going through with a new investi- 
gation. 

ETer. 4. 

The assumption proposed in the note in the Algebra, page 24>3.^ 

satisfies one of the conditions, since the difierence of the squares 

of the assumed quantities is Sa^x^, which is a cube (the cube of 

2a^x). Again, the difference of the cubes of the same quantities is 

I2a^jr^-|-l6a'*, which is to be a square ; and therefore, if this be 

divided bj 40**, which is a square, the quotient 3j* + 4a** will be 

a square. Assuming this equal to (rx^-f^o^)^^ we readily find 

4t7a^ 
4r*= •. Now this becomes Sa^, when v is taken =.—2, or 

3— 1^2 

- ; and being a cube (the cube of Sa-)^ it answers. We find 
2 

therefore, the required numbers, by adding and subtracting ^efi, 
to be \Otfi and Qa^, where a may be taken of any value whatever. 

Exer. 5. 

By the substitution pointed out in the Algebra, in one of the 
notes in page 243., we get 9.y'^ + 4y, which is to be a square. 
Let it be assumed ^v'-y-, and it will be readily found that 

y = ^ ; and consequently, d-=y + l= -^ . 

v^ — 2 V — 2 

The same answer may also be found by assuming 2a:- — 2, or 

its equal (2j7 -|- 2 )(a: — 1 ) = r - (z — 1 ) - ; and the same still, only 

with the opposite sign*, by assuming 9jfi—2, or, what is the 

same, (2a:— 2X^^+1 )=w-(* + 1)2. 

Exer, 6. 

It will be found by trial, that the proposed expression is a 
square, when x — S. Substituting, therefore, y + S for x, we get 
1 Sy^ + 93y-h 169 ; and by assuming this =(t?y + 13)*, we readily 

* This makes no difference in the value 01 2x3—2, 2f3 being the 
same whether x is positive or negative. 
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find y = ^-jr — , and consequently 4?=«4-S= ^ ' — . 

In this^ to get positive values of ir, we may take v equal to 
6, 7, 8, &c., or to —4, —5, —6, &c. 

By the assumption proposed in the note in the Alobbra on 
this question, one condition of the (iroblem is satisfied, since 
(^ ■— 1 )^ 4- 4»a7= a:^ -|- 2ar + 1 =(a: + 1 )2. It only remains, therefore, 
to make (4j?)^-fa?— 1, or \iQx^-\-x — 1, a square; and this will 
be effected by assuming it =(4*— v)'^=l 6x^—8 var-|-»*, which 

gives ar= — lt_. From this the expressions given in the 

Algebra for the required numbers (4^ and x — 1) will be easily 
obtained. 

Solutions for this question may be obtained by means of num- 
berless other assumptions. Thus, we might represent the required 
numbers hy x and 2ar-|-l, by a? and — 2ar-f 1 by a? and i4i-|-4, 
by 2d? and ±4a:4-l> &c«i &c. 

Exer, 9. 

By assuming, with Bonny castle, 4^:, x'^—^x, and 2j7-f 1, to 
represent the required numbers, we have the sum of all three 
=d?2 -|- 2a? -h 1 = (d? + 1)2, the sum of the first and second =472^ and 
the sum of the second and third =4?*-— 2a74-l=(«!P— 1)> which 
are all squares. It only remains, therefore, that we make 6ar -{- 1, 
the sum of the first and third, a square. To do this, assume it 
=t>2 : then ar^^v^ — 1); and the answers are found by sub- 
stituting this for X in the three quantities originally assumed. 

Answers of a different form would be found by assuming 
6a:+l=(t>ar±l)2. 

Exer, 10. 

By putting the proposed quantity =(va:— 2)'*, and rejecting the 
last terms, we get 

6ar3 ^ gx^ + S6x ziz v^x^ - Qv^x^ + 1 2«ar. 

Hence, by putting I2u=36, and consequently t?=3, we can reject 
the last terms ; and, by dividing by x^, &c., we get x=i3. 
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Exer, 11. 

By assuming the proposed quantity equal to (rar- + v'x -f 4)2, 
and by actual squaring, and rejecting the last terms^ we get 

Sa!^—\Oa^-{- 24a?2 -|- S2a;=v^a!^ -f 2«t? V + (v'2 + %v)x^ + %v'x. 

Then, by taking 8u'=32, and v'2 4.8u=24, we find t>'=4, and 
« = 1 ; and by rejecting the last two terms of each member, 
dividing by x^y and taking v and v* as found above, we get 
Sdf— 10=4?+ 8 ; whence .r=9» 

Exer. 12. 

Let a; and y be assumed to denote the numbers : then 47^+2^=: 
w+y ; or, by dividing by x-^-y, x^^xy-\-y^=l. By resolving 
this as a quadratic, we get x=:-^{y± >v/(4— Sy^)}, an expression 
in which y may be taken of any value whatever, and which, 
whether real or imaginary, will always answer. 

When this question, however, is regarded as belonging to the 
Diophantine Analysis^ y must be such as to render the term 
V (4 — 3y2) rational. To effect this, assume ^(4 — 3y^)=2 — vy. 

Then, by squaring, &c., we find y=-;j ; and, multiplying 

this by V, and taking the product from 2, we get v'(^"-"3y*) 

f* Qmm2 

5=—^ — — . Lasdy, by substituting this, and the value just found 
for y, in the expression, a?=^{y+ >v/(4 — Sy*)}, we get 

* — t?2-j-3 "" u'- + 3 

As particular examples, let t?=l ; then jp=l or 0, and y=l : 
let t?=2 ; then 2:=^ or ^, and 2^ = y, &c. 



Exer, 13. 

Here, by assuming 2{x^ + x) to denote the required number, 
we satisfy one condition of the question^ since, if one be added to 
the double of this, we get 4j7^-f 4j?-H 1, which is the square of 
2ar+l. Then, by multiplying the assumed value by 3 and 
adding unity to the product, we get 6x^'\-6x-^l^ which is to be 
a square. To find the value of x which will make it such, as- 
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sume it =(t>ar— 1)^; and it will be readily founds that 
X = -^- — ^ . Hence, we have ar + 1 = ^ ,, J = — | — J- • We 
have also 2ar= 2(2tM^_4(« +^3) ^ ^j^^^^^ ^^ ^^^^ ^^ p^.^ 
duct of these^ we have the required number, 2(d?^4-*) or 

2x{x + 1 ) = ^"^^ "*^ ^^fi^N2^^ ' * ^^™ ^^^ *^® answer which is 

perhaps rather preferable to that which is given in the Algebra* 
In the following table, the second line exhibits particular 
answers; and the first line, the values of v which produce 
them : 

1, 2, 3, 4, 5, 6, 2^, 2^, &c. 

^, 40, 40, 6-72, y^^ 1-92, 3960, 38027920, &c. 

Exer, 14. 

The solution of this question is found simply by taking a =2 
and b=9, in the value obtained for jff in Exam. 3., in the 

Algebra, page 240. In this way we find x= -^ — ~" ^"'" — : 

v^-hl 

and, by assigning to v the values in the first line of the following 

table, we get, for the corresponding values of x^ and 85 — ae^, the 

numbers in the second and third lines : 

V 1, 2, 3, 7, &c. 

^ 22, 7^ 8-42, 9-22, &c. 

85-a:2 92^ Q2^ g'Si, 0'6^, &c. 

Exer, 15. 

Here, if we denote the required numbers by x and y, we have 
ao^ — ^-sszx — y ; and hence, if we divide by ar— y, we get a7-|-y=l, 
so that one condition necessary for the solution of the problem is 
that the sum of the numbers shall be unity. The numbers, 
therefore, are x and 1 — ^, and the sum of the squares of these is 
2*2 — 2a: -fl, which, by the question, is to be a square. Let it 
be assumed =(t7a: — 1)^^ and it will be readily found that 
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2t>— 2 , *i 1 1 2t;-2 «2_2t> 

m = -= ; and consequently 1 — a:=l — — „ — ;.=— « — ;r • 

172 — 2 t?2-.2 ©2—2 

The following table exhibits particular answers : — 

t> 2, 3, 4, 5, &c. 

* ^> T> T* ITS"* *^*^* 

1-^ 0, ^, f, ^, &c. 



SERIES. 

(AliGEBRA, p. 249.) 

Exer, 1. 



In this question the general term is plainly , or 

(n-j-3Xw4-4) 

1 1 
what is equivalent. — . Hence, by taking n suc- 

^ n+3 n+4 * ^ ® 

oessively equal to 1, 2, 3, &c., and by placing the positive terms 
in the first line and the negative in the second^ we get 



S.= 



4567 n-h3 

111 11 

• • • 



>; 



567 «4-3 n-h4 

oil n 
or S„=- — = . 

4 n-f-4 4(n-|-4) 

When n=x , we have from the first form of the sum, S = i , 

' * 4 

the sum of an infinite number of terms of the p]:oposed series, 

Exer, 2. 

In this exercise the general term is evidently , 

^(n + l)(nH-2)(n + sy 

or, by J 255., 1|-^— — 1 — - 7 1- -l. By taking 

' ^^ 2l(n + l)(n+2) (»+2)(»-h3)J ^ * 

in this n successively equal to 1^ 2, Z, &c.^ and placing the positive 

and negative terms in difierent lines^ we get 
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" 2 



1+1+1+..+ 



2-3 3-4 4-5 

_J 1^ 

3*4 4*5 



(n-hl)(n-f2) 
1 



or 



(n+l)(n + 2) (n + 2Xn + 3), 

a_l r 1 _ 1 11 1 1 

" 2t2-3 (nH-2)(n + 3)J 12 2(nH-2)(n + S) 



Hence> by taking n=« , we get S^ = 



12 



Exer. 3. 

Here the general term is 
1 gggglf 1 1 1 

j<»+l)(n + 2)(» + 3)' ''^ *3ln(n+l)(» + 2) (»+ 1X» + 2X» + 3)J 

Then, by taking n in the latter form^ successively equal to 
1, 2, 3y &c,, and arranging the results in the usual manner, 
we get 

1 



1 



1'2'3 2 '3 "4 3 '4 '5 
1 1 



n(n+lXn + 2) 
1 



2 '3 '4 3 '4 "5 



ti(n+lX»+2) (»+lX» + 2X* + S), 



o,o. 1 1 

"~18 3(n + l)(n+2Xn + 3)' 



whence S„ = -— 
• 18 



jBjTcr. 4. 



1 



In this exercise, the general term is plainly , * — . , or b? 

' n(n + 2) ' 

{ 254., —[-— • ,p ). Then, by taking n successively equal 

to 1,2,3, &c.,thi8 becomes If 1-1 "i, Ifl-lV l/'l-l'i 
* ' ' 2V1 37 ' 2V2 4; ' 2U 5/ 

&c, ; and, by the usual arrangement, we have the following 

results; 
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1VU1 + 1+....+1 

21 11 1 



3 4 



• • • • 



n n+1 n+2^ 
^'4 2Uh-1 w+2J 4 2(n2+Sn+2)' 



whence S_=-. 
• 4 



Here the general term is 

-r^—- , or, hy § 254., Ul —\ . 

Accordingly, the first, second, third, &c,, terms are - ( _— _ J , 

Ki-5) ' -sCrl) ' IG-7-) ' ^'''' '"'^ '•y '""-"^ *^ 

usual arrangement, we shall have 




12 3 4 5 n 



1-1 

4 5 






n n + 1 n + 2 n+3^ 
or, by contraction, 

18 3Vn+l n+S^n+Sy 



whence S.=li 

• 18 



Exer, 6, 

This question may be solved very simply in the following 
manner : First, suppose the number of terms to be even ; then 
the series will be 



2 3 



S'5 5*7 7-9 9-11 



■f ..4- 



n 



n + 1 



(2n-l)(2n + l) (2n + l)(2n + 3) 
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or, by taking the second tenn from the first, the fourth from the 
thirdj &e,, 



3-7 7-11 11-15 " * (2»-l)(2n + S)' 

Hence, by expressing each fraction as the difference of two others, 
according to { 254., and by the usual arrangement, vre have 



^11,1^ 1 1 



4 



'n 



< 



7 11 2n-5 2n-l 



1_J^ 1 _ 1 _ 1 I 12 4(2n + 3)- 

7 n " ' ""2n — 5 2»— 1 2n + 3 



To find the sum of an odd number of terms, let n be changed 
into n — 1 in the answer now found, and to the result add the n^^ 

term- ^^^-^ — : then 

(2»+l)(2»+S) 



12 4(2n + 3) (2n-fl)(2n-f3y " 12^4(2n + 3)' 

by the actual incorporation of the last two terms. The two 
answers are combined in one by employing the factor ( — 1)", as 
is done in the Algebra, this factor being positive, when n is 
even, and negative, when it is odd. The sum of an infinite num- 
ber of terms is evidently — . 



(Algebra, p. 254.) 

Exer. 7. 

In dividing 1 by l-h2.r-f S^r^-f &c., we get ^1=1, with the 
remainder •— 2^: — 3x^ — A^ — &c. Dividing 1 -J- 2j? + Sx'^ -+. &c. 

by this remainder^ we find ^0= ~" — * yfi\h the remainder 

X 2:r^ 3^ 

-4--— -f — -h ac. Taking this remainder as divisor, and 

^ /St At 

— 2r— Sj?^ - 4a?3— &c. as dividend, we get ^3= — 4, and the re- 
mainder is x^ + %tK^ -f 3a:4 ^ &c. Lastly, dividing ? + ?^ + ?f! .f 

^0 At mt 
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&c. by this remainder, we get — as q^, with no remainder. 
Hence, the continued fraction is 

i 1 ; ml 2z 

1+ x IN 1 . 1-T+?? 



-lU-^ 



1 +X 2 

4 7" 



The following is the method of finding ({ 21 6.), the value of 
the continued fraction in its first form : 

1 1 J. 1 



\ 2 J 



1+? _ ^+-1 + 1 

2d7 a? 2a: 2.r ar^ 

For finding the required value from the second form of the 
continued fraction, we have the value expressed by the last two 

of the component fractions = - — — -= ; and if this be at- 

tached to the denominator of the preceding fraction, there results 

— — ,or -2^ + x2, 

1+ ' 



2—x 



by multiplying the numerator and denominator by 2—07, and 
contracting. Lastly, by attaching this to the denominator of the 

remaining fraction, we get - — -, as before, 

1 — 2a: -f* 



Eaer, 8. 
Here, by dividing 1 by x-^-x^—x^^jp^-^-a^-^ &c., we get 
^1= -, with the remainder, -^x-\-a^-{-a^—x^—x'^'^x^-^ &c. ; 

X 

and in dividing a:-f a:^— a?*— &c by this, we get g^grs — 1, with 
the remainder a^-i-x^ —or* — a?^ -f ot® + a:^ — &c. By a like division, 

H 
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93 is found to be , and the corresponding remainder u 

X 

or^-fay^ — ar*— 2:^+47®+^^— &c., the same as the lastdiyisor^ so 
that we get 94=!^ with no remainder. Hence the continued 
fraction is 

1 X 

, or - a 






The work for finding the value of the continued fraction in its 
first form is as follows : — 



1111 

X i X 1 



^ (iL) _ 



.+■ -1+1+1 

a 1 X w 

> 



l-l-u2 ^— a:+l 



a; «^ 



In finding the value from the second form of the continaed 
fraction^ we have the last two component fractions equivalent to 

^ . Adding this to the denominator of the preceding fraction, 
1— J? 

and multiplying the numerator and denominator of the result by 
1— ar, we get — or — a?-ha?^; by attaching which to 1, 

the denominator of the first component fraction, we get ' 



1— «J-«2' 
the same as befor . 

Exer. 9* 
By dividing the cosine by the sine, we get 91=- , with the 

X 

remainder 4- — — V &c. By dividing the sine by this. 

3 SO 840 ^ ^ ^ 

3 3^ sfi 
we find q^=z^-. with the remainder — — 4- &c: and 

^ a 15 210 
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hf emproying more tenns of the series, and contiiniing the process 

5 7 Q 

in the usual way, we readily get ^3=-, ^4=—-, q^=zZ^&e^ 



Hence the continued fraction will be 



G) 



4- 



1 



(-') 



+ 






(D 






' 9 — «C. 



The work for finding the converging fractions from the first of 
these forms is as follows : — 



1 

X 


_3 

(-!) 

Sx 



5 

X 

1-L? ^ 

1^5_15 
X X a^ 



1- 



15 

X* 



6_15 
a «• 

ar«-l5x 
'6a:*-15 



X 

_S_7 105 
X X a^ 





3 42 105 


1 


X» ^ X* 




-10 . 105 




X ^ a» 




, 45^^105 




105x-10x« 



1- 



9 

X 

15_90 945 

X» X» X* 



105-45x" + x* 



6 

X 


15 

"x" 


+2- 

X 


405 

x» 


945 

X* 




1- 


105 
x» 


945 

X* 






15_ 

X 


420 

x» 


945 
x» 






945x-105x« + 


x» 



945-420««+15x* 



Sbo. 



&o. 



&e. 



&0. 



The same results are very easily found from the second form of 
the continued fraction, by commencing with any term^ suppose 

— -^, and going backward, step by step, till the yahie of the 

M 2 
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continued fraction up to that point is expressed in a commoo 
fraction.* 

Exer, 10. 
By } 212., we have 

(l-h^)»=l-hn:r-fK^^^):r2+<^~^X^-g)^4,^c. 
^ ^ 1-2 1-2-3 

Dividing 1 by this, we get ^i=l, with the remainder — imj— 

^ " ^ &c. : and if by this we divide 1 -\-fUP-\- ^ " ^ 4- 

1-2 ^ 1-2 

&c., we find — — as the value of ^o* Continuing the division in 

nx 

the usual way, we obtain 

— 2n _S(n + l) _ 2n(n— 1) « 

^^"~^Tl^ ^*"n(n~l):r' ^«"(n + lXn + 2)' *'• 
Hence the continued fraction is 



1 

1 + 



V nxj 



\ n+lj 



+ 



r 3(n+l) -I 1 

tn(»-l>J r 2n(»-l) 1 

t(»+l)(n+8)J+"*' 



or - nx 



1— — i(w-hl)a: ,, -X 



1 ~- &c. 



• Thus, 

^-T-| ^-63^i»- 315Z:»*? 

=^_ 3153:» ~143:* _ 945x-105ar» + ar* 
^ 945^03x* + ar< 945-42(Xc» + 15jr* ' 

The converging fractions obtained in either of these ways, will gi^e the 
tangent of any assigned arc, with a much greater approach to acenraej 
than would be obtained by using only the same powers of a: •in the series, 
from which the continued fraction is derived. 
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Exer, 11. 

By employing the first fire of the quotients in Exam. 6., the 
work^ conducted in the usual way^ will stand as follows : — 

1; 



1 

4' 



1 

X 

_1 

X . 


-2- 3- 

X 

1+1 ,+? _l+?+6 !+6 

a? .r X X x^ X x^ 


1-1 

X 


'• ' 2' 1 S fi' 4 6' 

1-2+; -+.? 1-2-?+^ 1--+^ 

X X X X or X or 
,+!+*+'2 ^^6^12 

X X x^ ^j, jr ar^ 




_i+?+2_«+'2 ,_6^2|- 

X X X^ X X^ 



The last of these expressions, hy inverting the order of its terms, 
and multiplying the numerator and denominator hy x\ gives the 
answer in its proper form.* 



Exer, 12. 

In finding the converging fractions hy means of the first six 
quotients in Exam. 7*^ the work will he as follows : — 



* * We may very readily obtain the same result by employing the first 
five of the component fractions in the second form of the continued frac- 
tion in Exam. 6.) commencing with the last, and using it and the others 
in the reversed order. Thus, by multiplying the numerator and de- 

nominator by % we get, for the fourth and fifth . If this be attached 

6 + * 

to the denominator of the third, and the numerator and denominator of 
the result be multiplied by 6 +x, there is obtained . Attaching 

this to the denominator of the second fraction, and multiplying in a 

12x 
similar manner by 12, we get . Lastly, by connecting this 

with the denominator of the first fraction, and by a like process, we get 
the answer. 

H 3 
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12 3 2 5 

X 1 X 2 X 

1 2 1 + ? 2 + 1+? l+^+i^+^ 

0? a: X X x* 



(D 



2 1.7.6 ,r2,4. 6 4-6,5,30.30 

IH — - + - + — o l"i \ r— o — \ — :,H — +—9+-ii 

X X a x^ X X x^ X x^ X x^ r 

2 

«z> a X x^ 

-.6, 6,6,24 20- 

1 + - + -2H h— .1 — » 

X x^ X x^ or 



From this last result, the answer will he ohtained l)y contracting, 
and by multiplying the numerator and denominator by Safi, 



Exer. 13. 

By dividing 1 by the given series, that series by the remainder, 

and so on in the usual way, we find the suceessive quotieats to be 

1 Q 4 

X, -, — -ar, and — - ; with the last of which there is no re* 

3 4 3 

mainder. The rest of the work will stand as follows : — 



1 ^rr ^ 

- X — -J 

4 3' 



a?, — , — - X 



1 ,3 14., 

13 4 ^ % 



— > 



^3 4 4 3 3 

^ ji 

The last of these fractions becomes, by contraction, — r — - — ^- , 

the answer. 
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Exer, 14j. 

As the solution of this question by the method of continued 
fractions is very laborious^ on account of the large numbers which 
arise in the course of the operation^ the following solution is given 
in preference : 

Let«=^-f-8^H27^ + 64a^ + 125x5 4- &c,, 
and multiply both members by l^x : then 

«(l-ar)=ar + 7a:2+19a:H37^+6lj?fi+ &c.. 
Multiply^ sgain, by 1 — ^ : then 

«(1— ar)2=;p+6^Hl2a:3+18:r4 + 24a^-f &c.. 

By two similar successive multiplications we get 

*(1— ^)8=:r + 5ar2 + 6a?3 + 6d?* + 6d7S+ &c; and 
«( 1 — a?)* = a? + 4jp2 ^ a;3 . 

and €y the sum of the series^ is found from the latter equation by 
dividing by (1— 47)*. 



Exer, 15. 
Here assume 

13^23 + 33+ 4-«'=An+Bn2+Cn8-M)n4. 

Then^ by changing n into n+ 1> and taking the foregoing equation 
from the result, we get 

(n-j-l)3=:A+B(2n4-l)4-C(3w2-j-Sn+l) 
+ D(4»3+6»^ + 4»+l). 

Hence, by expanding (n-\-iy, &c., and by equalling the co- 
efficients of the like powers of n, we^get 

4D=1, 6D+3C=3, 4D + SC + 2B=S, and 
D + C + B+A=l. 

The first of these equations gives D=^, the second C=^, the 
third B=^ and the fourth A=:0. Hence the required sum is 

{i(n + n2)}2={Jn(l + n)}2: 

H 4 
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Exer, 16. 
Here^ by assuming 

14+24 + 3-*+ +n4=,An+Bn2+Cn8 + D»4 + E»*, 

by changing n into n^l, and taking the members of the first 
result from those of the second, we get 

n4 + 4n3 + 6n2 + 4n + l=A + B(2n+l) + C(3n2 + S»+l) + D 
(4»3 + 6n2 + 4n+l)+E(5n4 + 10n3+10»H5»-f 1). 

Hence, by equalling the coefficients of the like powers of fi| 
we get 

5E=1, 10E + 4.D=4, 10E + 6D + 3C=6, 

5E + 4D + 3C + ^B=4., and E + D + C + B + A=l : 

and from these in succession we find E=^, D=^, C^^, B=0, 
and A=— ^. Using these values, therefore^ for the assumed 
coefficients, we get the required sum. 

Exer. 17. 

Putting 15 + 25+ +w5=An+Bn2+C»3 + Dn4 + En« + 

Fn^ ; then changing n into n + 1, subtracting the members of the 
assumed equation from those of the result, and equalling the 
coefficients of the like powers of n, we get the answer in the usual 
way, without difficulty, 

Exer, 18. 

To solve this question let us assume 

12 + 32 + 52+ +(2n— l)2=An + B»2+Cn8. 

Then, by changing n into n-\-\, and by taking the members of 
the foregoing equation from those of the result, we get 

(2» + l)2=A+B(2w+l) + C(3n2 + 3»+l). 

From this, by actually performing the operations indicated, and 
equalling the coefficients of the like powers of w, we get 

3C=4, SC+2B = 4, and C + B + A=l ; 

whence we find C=|^, B=0, and A = — ^ The sum, therefore, 
is Jw^— ^», or ^n(4»2— 1). 
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Exer, 19. 

By assuming the given series equal to An + Bn^-\-Cn^, by 
changing n into n-{-}, and, by the usual subtraction^ we get 

(n+l)(n-f2)=A + B(2n+l) + C(3n2-|-3n-i-l). 

Then, by performing the operations which are indicated, and 
equalling the corresponding coefficients, we obtain 

SC=1, 3C + 2B=3, andC + B + A=2; 

^e resolution of which equations gives C=z^, B = 1 , and As=-|. 
The answer, therefore, is fw-l-n^ + g^w^ or ^2n-\-3n^-^n^y 



Exer, 20. 
Assuming here 

1-22 + 2-32 -f3-4»2-l. H-n(»-hl)^-An-f.Bn2H-Cn8H-D»4; 

then changing n into n-f 1, and subtracting, as usual, we obtain 

(n + l)(n + 2)2=:A + B(2rn-l) + C(3n2-i.3n + l) 
-fD(4»3 + 6»H4nH-l). 

Hence, by actually performing the operations, and equalUng the 
coefficients of the like powers of n, we get 

4.D=1, 6D + 3C = 5, 4D + 3C + 2B=8, 
andD4-C-j-B+A=4: 

and therefore D=J, C=^, B=f, and A=^. Hence the re- 
quired sum is fn + J»2_|_7.^3^^^4^ 



Exer. 21. 
To solve this question, assume 
1-32+ 3-52 + 5-7H .... -l-(2w-l)(2n+l)2=An + Bn2-f 

Then, by changing n into n-^ly and by the usual subtraction, 
we get 

(2» + l)(2n+3)'^=A + B(2n + l)4-C(3»2-|.3n+l) 
+ D(4»3 + 6»24-4n + l). 

B 5 
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From this, by performing the actual multiplications^ and by 
equalling the corresponding coefficients, we obtain the following 
equations : 

4D=8, 6D + SC=28, 4D + 8C+2B=S0, 
andD-fC+B-hA=:9. 
From thete^ by easy operations, we find 

D=2, C= V^ B=3, and A=— f 

The answer, therefore, is 

2n* + V^n^ + Sn^'-^n^ or 
2n4-j-3n2+^(l6»8— 4»), 

or finally, n2(2n2 + 3)+Xl6na— 4). 



APPLICATION OF ALGEBRA IN INVESTIGATIONS 

IN GEOMETRY.* 

(Aloebba, p. 265.) 

Eaer. 1. 
If ^ be assumed to denote the side of a sqiuire, its perimeter 

will be 4!X, and (Euc. I. 47*) its diagonal V^^ o' (Aloebba, 
} 101.) x^2. Hence, by the question^ 4ar-|-fl7>/2=*. Hence, 

by dividing by 4-f a/2, we get 4?=- ; or, by multiidyii^ 

4-f- ^2 

the numerator and denominator by 4— a/2, fl?:=-^(4— a/ 2). 

It is plain that if s had been the difference of the perimeter 
and diagonalf we should have had 4a;— a7\/2=« ; and therefore^ 
by dividing by 4— a/2, and multiplying the t^rms of the lesnltiDg 
fraction by 4 + a/2, we should obtain the second of the reaolts 
mentioned in the answer. 



* Most of the following solutions are so simple and obvious as not to 
require to be illustrated by diagrams. Besides, in the cases in which 
diagrams are not given, the student can readily form them for himself; 
and he ought to do so. 
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Exer. 2. 

Let Sa and 5x be assumed to denote the length and breadth. 
Then, by the question, and by No. 1., Note, page 257.^ we have 
Sxx5x or 4jOar2 = l60; whence x=.2; and consequently, 
8a?=l6and5d7=10. 

The solution might also be effected by putting a to denote the 
length or breadth. Thus, if it represent the length, we have 
8 : 5 ; : ar : far, the breadth ; and by multiplying this by x, and 
putting the product equal to l60, an equation is obtained, the 
resolution of which will give op. 



Exer. 3, 

Let the side be represented by 2a ; and since, by the nature of 
the triangle, and by Euc I. 47., the square of the perpendicular 
of the triangle, is equal to the difference of the squares of a side 
and half the base, we have the square of the perpendicular equal 
to (20?)*— a7^=Sa:2, and, consequently, the perpendicular itself 
equal to x v'S. Then, by multiplying this by x, we get x^ ^3, 
the area, so that a'^^/3^=a. Hence 



^ 



""VS 3 9~' 



and, therefore, ^=:^\/3a^3, the double of which is the side. 



Exer, 4. 

» 

To give an easy general solution for this problem, since the sum 
of the length and breadth of the rectangle is plainly ^p, and, con- 
sequently, half their sum ^p, we may put jp to denote half their 
di&rence. Then (Algebra, } 52.) the length will he \p+Xj 
and the breadth ^p—x; and (Euc. I. 47») the sum of the squares 
of these is equal to the square of the diagonal': that is 

(il> + ^)H(il>-^)2, or |p2+2a:2=d2; 
whence we readily find ar=jA/(8<J*— p^); and the length and 

H 6 



1 
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breadth are found by taking the sum and difference of this and 

The particular answers will be obtained by substituting in the 
general results thus found, 100 for d and 24*8 for p. The same 
may also be effected by assuming the length and breadth re- 
spectively equal to 62 + ^ and 62^ x, (62 being one fourth (^ 
24iS), and proceeding as in the general solution. 

The solution might be effected in several otlier ways. Thii% 
for instance, we might put a; to denote the length or breathy and 
we should have the breadth or length expressed by ^p — x ; and 
the solution would be accomplished by resolving the equation 
obtained by putting the sum of the squares of these equal to «^. 
It may also be solved very easily in the manner pointed out in the 
note to Exer. 6. Algebra, page 266. That exercise in fact is 
almost identical with the present one. 

Exer, 5. 

Let ABC be the required triangle ; and, its sides being bisected 
in D and E, let AD and BE be joined ; and^ by the question, 
we have AD=a and BE =6. Then an easy solution is ob- 
tained by assuming DC =^ and EC=^, and 
consequently BC=2a: and AC=2y ; since 
(Euc. I. 47) DC2 + CA*^=AD2, and BC^-j- 
CE2:=BE- ; which, when expressed in the 
notation that has been adopted, give equations 
(1.) and (2.) in the margin. From these 
(3.) is obtained by addition ; (4j.) from (1.) by multiplying by 
5 ; (5.) from (3.) and 

(4.) by subtraction ; and a?- + 4^2=0^ (1.) 

(6.) from (5.) by divid- 4a;2 4-^2=^2 ^2.) 

ing by 15 and by ex- 5x'^-\- 5y^=a^-\- 62 ^3 j 

traction. Equations (7.)* ^^ + 20y2= 5a^ (4.) 

(8.), and (9.) are found 15y2^4a«— 6'^ (5.) 

by a process exactly f^^—h^ ,^ 

similar to that employed ^ A/ 15 ^ / 

for jfinding (4.), (5.), 20a?2 + 5^^=562 (7.> 

and (6.). The legs of I5x^=:4!b^—a^ (8.) 

the triangle are found by /^\y^—c? 

doubling the values of y *^ "" A/ [^ OO 

• It is plain that if jo* exceed 8<f, the radical ^/(8d»— />») will be im- 
aginary, and the problem impossible; while, ifjo^asSd", the required 
rectangle will be a square. 
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and w found in (6.) and (9.) ; and the hypotenuse hy extracting 
the square root of the sum of the squares of the results.* 

This question may also he solved hy means of one unknown 
quantity in more ways than one. Thus, we might put DC=ar ; 
then AC=:^'(a^ — x^) ; and an equation which would give the 
value of ^ would he found hy adding the square of half this to 
the square of BC(= 2x) and putting the sum equal to 6^. The 
solution given above, however, is perhaps preferable to any 
other. 

Exer. 6. 

The method of solution pointed out in the note to this question 
is as good as can be desired. We might put, however, the legs 
equal to x and s — x, and the values of x would be had from the 
equation obtained by putting the sum of the squares of a? and 
s—jc equal to h!^. 



Exer, 7- 

This question may be solved in various ways. There is per- 
haps none preferable, however, to that which is pointed out in the 
note, Algebra, p. 266. 



Exer, 8. 

Let BD - DC =x; then, since BC = 
BD + DC = 26, we have (Algebra, J 52.) 
BD = 6 -f^ar. Now, by a known property of 
the triangle (Euc. II. 5. cor. 4.), the rect- 
angle under the sum and difference of BD 
and DC is equal to the rectangle under the 
sum and difference of BA and AC ; that is 26j7=(AB-}-AC)rf. 



* It is plain from the values of x and y, that the question will be im- 
possible, iff of the two quantities a and &, either be greater than the double 
of the other, as the value of one of those quantities (x and y) would then 
be imaginary. If b should be equal to 2a or to ^, the triangle would be 
evanescent, the hypotenuse coinciding with one of the legs. In this case 
the problem would be, as it were, at the boundary between possibility 
and impossibility. 
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Hence AB+AC= — ; and therefore (Algebra, } 52.) AB= 

a ' 

tL We hftve ftl 
d 2 



^^+\d. We have also (Euc I. 47.) AB2=BD2+DA2; that is 



{^A')H'^\ y^^' 



Hence by actual squaring, by rejecting hx, and by muldplyii^ 
by 4 and d!^, we get 

and, by transposition, 

462^2_^a:2=462d2— d4+4d2p2=^(4»62— rf2 + 4^) ; 

and hence we get the answer by dividing by 46'— rf*, and extract* 
ing the square root.* 



Exer, 9» 

The method of solving this question is almost identical with 
that of the foregoing. Thus, putting BD — DC (last diagram) 
=47, we have BD=6+^ar. We have also (Euc. II. 5. cor. 4.) 

2bx=::8 (AB — AC); whence AB— AC= — ; and therefore 

1 hT 

(Algebra,. J 52.) AB= « + -. Then (Euc. I. 47) 

the resolution of which equation gives x, the difference of BD 
and DC. 



* This solution affords a striking instance of the advantage of making 
a judicious choice as to the unknown quantity. Had x been put to 
denote AB or AC, the solution would have been much more difficult 
Much advantage results also, from the use of Euc. II. 5. cor. 4. 



p. 2664 267*] APPLICATION OF JLLQEBRA TO GBOMSTBY. 159 



E^eer. 10. 

Here, let 2^7 be assumed to denote the difference of BD and 
DC. (See the diagram for £xer. 8.) Then (Alobbsa, { 52.) 
BD=b'\-z and DC=6— *; and (Euc. I. 47.) 

AB2=(ft+ar)2+p2_ft2+26a:-h«2^.p2^ and 

AC2=(6-a-)2+p2=62_26^+^Hp2. 

We then put Ql(^ + 2x^-\-2p^, the sum of these latter quantities, 
equal to « ; and the solution is completed by transposing 26^ and 
2p^, dividing by 2, and extracting the square root. 

Eaer. 11. 

Let, as in the first note in the Algebra, p. 267*^ the sides be 
represented hy w—y, ar, and a+y, quantities which are evidently 
in arithmetical progression. Then (Euc. I. 47.) 

(a?-y)2+a:«==(a7+y)2 or a;2«2ry-fy2+ar2=j?2^24jy-j-y2. 

Hence^ by contraction, d?=4y ; and therefore the sides, ^— y, Jf, 
and 07 4- y, will be Sy, 4y, and 5y. Now, the area being a, we 
have (by the note, No. 1., Algebra, p. 257.) 3yx4y=2a; 
whence y= x^^=:^^6a ; and the answers are found by multi- 
plying this expression successively by 3, 4, and 5. 

Exer, 12. 
Here, out of the many ways in which this question may be 
solved, we may represent the sides by -, x, and a^, which are 

if 

evidently in geometrical progression. Then, since the area is a, 

wehave_=2a; and also (Euc. I. 47.) we have -5 + J^=d?V2 

y tP 

or (by dividing by a?*, and multiplying by y^) 1 + y^=y** The 

first of these expressions gives y = _. ; and by substituting this for 



* From this equation we could find the value of t*, the common 
multiplier, which must evidently be independent of the area a. 



/ 
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y in the last of them, we get 1 + — -= -,— . From this, br 

4a2 loo* 

multiplying hy l6a^, and by transposition, we obtain 
J78— 4fl2^4— 15^ . and by resolving this for ^ (Algebra, 
§ 154.) we get 

a:4 = 2a2+ >/20a^=2a2-|-aV20=a2(2 + -v/20); 

and the answer is obtained from this by extracting the fourth 
root. 



Exer, 13. 

The properties of the triangle referred to in this question may 
be established in various ways. Thus, 
without Algebra, we have (Euc. VI. a 

8. cor.) BC : BA::BA : BD ; and, by 
hypothesis, BC : BA : : BA : AC ; 
whence BD and AC, being third pro- 
portionals to the same quantities, are ^ 
equal. We have, also, (Euc. VI. 8. cor. ) 
BC : CA::CA : CD, or, by what has been proved, BC : BD:: 
BD : CD ; so that (Euc. VI. def. 3.) BC is cut in extreme and 
mean ratio in D. 

The following is a simple algebraic proof of the same. Let 
BC=1, BA=ar, and AC =47'-, which are in geometrical pro- 
gression. Then, since (Euc. VI. 8. cor.) CB.BD=BA2, and 
BC.CD-^CA2, we have BD^a?2 and DC=ar*; so that 
BC(=1) : BD(=a:2)::BD(=^^) : DC( = ar4); and BD=AC, 
each being =^7^.* 

Exer, 14. 

Representing the legs by I and l^, the hypotenuse by h, and 
the perpendicular by p, we have, by the question. 



* Retaining the same assumption, we should have ADsar*, since 
BC'AD=s BA'AC, each being double of the area. Hence (Euc. I. 47.) 
BD=^/(ar«-a^)=ar^/(l-x*), and DC= ^/(Jr«-a:«)«a:»A/(l-a:»); and 
therefore BD=a:* and DC=j?*, since (Euc. I. 47.) ^/(l— ar*)=x, and 
<%/(! — x')sa:*, which affords another proo£ 
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/+/2 = *, and h'—p-z^d. 

By squaring the members of the first of these^ we get 

/H V + 2«2=«^ or A2+2Ap==*2; 

since (Euc. I. 4?.) P-{-l2^=h'^, and since 2^/2= ^^P^ each of the 
latter being equal to four times the area of the triangle. From 

g'2 _ f^2 

this last result we getp= — — ; and hence the second of the 

2h 

original equations becomes 

whence we get 

3AH(2«2~4d>2=*4, 

by squaring^ clearing of fractions^ &c. : and from this h is found 
by means of § 154., Algebra, p. 147. The particular value of 
the hypotenuse will be found by taking 8=S9l, and d=z69,i21, 
in the general value ; and then the perpendicular p will be com- 
puted by means of the value found for it above. 



Exer, 15. 

Here^ employing the same notation as in the last question^ we 
have /— ^2=^ i whence, by squaring both members, and by sub- 
stituting h^ for /« + ?2^ and — 24A(= -2ph) for -2«2> we get 
^^2— 24^ = 25; and, by resolving this equation, we find ^=25, 
Hence h^ or /2-j-/2^=625, and 2/^2 or 24A=600 : and from this, 
by addition, and by extracting the square root, we get /-j-/2=35 ; 
from which, and from l-^l^^-b, we get I and l^ by means of 
\ 52., Algebra, p. 42. 

Exer. 16. 

Let X and y be put to represent the length and breadth, so that 
the area may be xy. Then, by the question 

(x + a)(y -f h)—xy, or 64? -f ay + ah^z.c^ and 
xy—{x—a2){y-h)i or h^x-^-ac^y—aji^^.c^ 
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From these two equations the values of a; and y may be found 
in any of the ordinary ways. Thus, employing the method givai 
in { 140., Algebra, p. 115., we multiply the first equation by 
02 and the second by a, and we get 

a2baf'{-aa2y-^-cui2h=:^a2C, and 
ah^-\'aa2y^aa2b2=0C2 > 

and by taking the members of the latter of these equations from 

those of the former, we obtain (ag^— 062)^ +^"'2(^4" ^2)^ 
^c— ac2; whence, by transposition and division, we find the 
value of X. That of y will be found from the same equations by 
multiplying the first by 62 and the second by 5, taking the dif^ 
ference of the results, &c« 



Eoper. 17. 

Let CD (see the diagram. Algebra, p. 265.) the radius of 
the base =07. Then, by the question, the altitude AC will be 
«— a: ; and (by the Note, Algebra, p. 257v Nos. 2. and 3.) the 
content of the cone is ^x\8^x). Putting this, therefore, equal 
to c, multiplying by 3, dividing by x, and transposing, we get 
a:^— *^2_|.3^j^— 1— 0^ the general equation for determining x. 

By taking *=40, c=3141-593, and x=3-141593, we get 
the particular equation, x^—4iOx^-i- 3000=0 ; one root of which 
is readily found by trial, (Algebra, {189*) to be 10. Then, 
by dividing ay^^ 4047^+3000 by a?— 10, and putting the quotient 
equal to zero, we get ar2__30ar — 300 = ; a quadratic, the re- 
solution of which gives a? = 1 5 + a/525 = 1 5 Hh 5 ^/2 1 , the 
remaining roots of the equation. 

As is remarked in the Algebra, the two positive roots, 10 
and 15 + 5^/21, afibrd two distinct solutions of the question, as 
proposed; the former giving the altitude (40— a?) =30, and the 
latter =25—5^/21. Since the remaining root, 15— 5/v/21, is 
negative, if we denote it by —4/, we have the altitude =*-far', 
so that s is the excess of the altitude above the radius x^. Hence, 
therefore, 5>v^21 — 15 is the radius of the base of the cone re- 
quired in the following question : — Given the content of a right 
cone s= 3 141*593, and the excess of ite altitude above the radius 
of its base =40, to find its dimensions. 
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ELIMINATION, am. 



Exer. 18. 

Let AB be a diameter of the given Bpheit^ AD the alUtnde of 
^e te(|uired cone, and CD or DB a 

the radius of its base. Then, 
putting AD=r, we hi»e DB = 
Sa— X, and (Buc. III. 35.) CD3= 
AD'DB=2(W!~*'. Thecontentof 
the cone, therefore, (Jir.AD.CD*, 
by AwEBBi, No. 3., Note, p. 357.) 
i»^x(%ax—x^); and by putting 
this =e, perfomiing the actual 
nralttphcation, tianspoaing, and di- 
vidiog by ^ir, ne obtain 



6 being put to represent Soir"'. 




-2a«'+&=0, 



ELIMINATION, mo. 
(Ai^EBiu, p. 2710 



Exer. 1. 

Here equation (3.) is obtuned by multiplyii^ equation (3.) 

b; X, and taking (l.) from the product. Equation (4.) la found 
by multiplying (2.) by y, and subtracting (3.) from tile product. 
Benoe «^2y ,- and (5.) ia obtained by uibatituting thic for aiin 
(2.). The rest of the work requires no explanation. 

^_3ji» + (V-y+l>-J^+!''-%=0 .- -■(!■) 

*'-2yir + !r'-!/=0 (t.) 

y^-2y'ar-«+y>-y*+2y=0 (3.) 

i-2s(=0 (4.) 

V-*S^ +y»— jr=0, or S*— Sf=0 (5.) 

y = 0,ory=l C6-) 

*=0.or«=2 (7.) 
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Exer. 2. 

In the following operation^ equation (3.) is obtained from (].) 
and (2.) by subtraction ; and (4.) by resolving (3.) for y. 
The substitution of this value of yin (1.) gives (5.); and (6.) 
is obtained from (5.) by performing the operations which are 
indicated, multiplying by 5, and contracting. Hence all that 
remains to be done is to resolve the equation of the fourth degree 
in line (6.). Now, by trying (according to j 189.) some of 
the factors of SO, we readily find that one of the roots is 1, and 
another 2, Then, dividing the first member of (6.) by j?*— 3a? + 2, 
the product of .r— 1 and a:— 2, we get 4r*-f 104?-|-15 ; and, 
putting this :=0^ and resolving the equation so found, we get 
47= —5+ >v/10. Having thus got the four values of x, we have 
simply to substitute them in equation (4.), to find the cor- 
responding values of y, the doing of which presents no difficulty. 

yx^+9^-^10y=0 (1.) 

(y-l>2 + 2ar-5y + 3=0 (2.) 

a?2 + 7^— 5y-3=0 (3.) 

,=f!±^3 

o 

'J(^!^±Jf^+9x-S(x^+7x-S)=^0 .... (5.) 
5 

^ + 7a:3_i3^2_25^^.30=:0 (6.) 



Exer. 3. 

Here, equation (3.) is found from (1.) and (2.) by subtraction, 
and (4.) from (3.) 

by dividing by 12, ar2 + (8y-13)a:+y2- 7^-1-12=0 (1.) 

and slightly chang- ar2_(4y^ l)4?+y^ + 5y=0 (2.) 

ing the form. Now (12y— 12)a7— 12y + 12=0 (3.) 

this last equation (y— 1)(j:— 1)— (4.) 

is satisfied by tak- 
ing either ^=1 or y^=\ ; and by taking a?=l, in either (1.) or 
(2.), we get y=0 and y=^— 1 ; and in like manner, by taking 
y=l in either of the same equations, we get d?=3 and a?=2. 
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(Aloebra^ p. 278.) 

Exer, 4. 

Putting X equal to the given quantity^ and finding guccessively 
the second^ tliird^ and fourth powers (or at once the twenty- fourth 
power), we get x^=:a^%^cx; whence, by dividing by x, and by 

extraction^ we get a:=(o^2^c)^ 

Exer* 5* 

» 

Here, by putting x to denote the value of the proposed con- 
tinued product, and by raising both members of the equation so 
obtained to the third power, the results to the second power, and 
those results to the third power (or by finding at once the 
eighteenth powers of the quantities at first put equal), we get 
a:i8 — ^^653^ ij,^ whence, by dividing by x, and by extraction, we 
get the answer. 



(Algebra, p. 279*) 
Exer. 6. 



Here the answers are found at once by taking n first equal to 
S6, and again equal to 50, in the expression, ^n(n+l)(2n-j-l). 
found in the Algebra, Exam. 8., p. 256, 

Exer. 7. 

The answers to this question are obtained by simply taking n suc- 
cessively equal to 60 and 30 in the expression, 4i»(n + l)(n-j-2), 
found at the end of } 267.9 Algebra, p. 279* 

Exer, 8. 

Here, if the pyramid were complete, the entire number of balls 
(Algebra, } 268.) would be | x 48 x 49 x 97, or 38,024. The 
part cut off has in each side of its base 19 balls; and hence it 
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would contain ^X 19x20x39 or 247Q balls; the difference 
between which and the foregoing result is 35,55^ balls, the 
answer. 

Ewer. 9, 

To solve this exercise according to } 268.> Alobbba^ p. 280., 
we have, in reference to the first pile^ r= 20 and 71=4/0 ; and 
therefore the number of balls in that pile, in(n+ l)(3r-f 2n+ 1), 
is 38,540. 

In the other pile we have r=30 and n=35; and therefore 
the required number of balls is ^ x 35 X 36 X I6I, or 33,810. 



THE END. 
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Riddle's New Latin Vocabulary. 

A Proitressive Latin-Enfflish Vocabulary : being a List of Common Latin 
Words, with their princi|>al Meanings in English : distinguished according to 
their comparative importance or frequencj of use. Designed to assist Begin- 
ners. By theKeT.J. E. RtDDLB, M.A. 12mo. [Just ready. 

Riddle's Latin Dictionary. 

A Complete T.atin-EneUsh and English-Latin Dictionary. For the Use of Col- 
leges and Schools. From the best sources, chiefly German. By the Rev. J. E. 
Riddle, M.A. 6th Edition, corrected and enku^ed. 8vo. 31s. 6d. cloth. 

c 1. 1 / The English-Latin Dictionary, lOs. 6d. cloth. 

Separately ^ ^he Latin-English Dictionary, £1. la. cloth. 

Riddle's Young Scholar's Latin Dictionary. 

The Young Scholar's Latin-EnglUh and English- Latin Dictionary; belnc MT. 
Riddle's Abridgment of his larger Dictionary. New Edition, correctca and 
enlarged. Square 12mo. I2s. bound. 

o----.f-i„ / The Latin-English Dictionary, 7a. bound, 
oeparaieiy ^ j,^^ English-lAtin Dictionary, 6s. 6d. bound. 

Riddle's Diamond Latin-English Dictionary. 

A Diamond Latin -English Dictionary. A Guide to the Meaning, Quality . and 
right Accentuation of i .atin Classical Words. By the Rev. J. E. Riddlb, M.A. 
New Edition. Royal 32mo. 4s. bound. 

The Illustrated Companion to the Latin Dictionary : 

Being a Dictionary of all the words representing Visible Objects, connected 
with the Arts, Science, and Every-day Life ofthe Ancients. Illustrated by 
nearly 2,(K10 Woodcuts fiom the Antique. By Anthony Rich, Jun. B.A late of 
Caius College, Cambridge ; and one of the Contributors to Dr. Smith's " Dic- 
tionary of Greek and Roman Antiquities." Post 8to. [In the press. 

Zumpt: A Grammar of the Latin Language. 

Bv C. G. Zdmpt, Ph. D. Professor in the University of Berlin, and Member 
of the Royal Academy of Berlin. Translated from the 9th Edition of the 
original, and adapted for the use of English students, by L. Schmitz, Ph. D. 
Rector of the High School of Edinburgh ; with Additions and Corrections, 
communicated by the Author. 8vo. lis. cloth. 

Zumpt'.s School Grammar of ihe Latin Lan^uag-e. 

Translated and adapted for use in English Schools. By Dr. L Schmitz, 
F.R S.E. Rector of the High School of Edinburgh. With a Preface, written 
expressly for this Translation, by the Author. 12mo. 4b. cloth. 

Pycroft's Latin Grammar Practice. 

Latin Grammar Practice: 1. Lessons in Vocabulary^ Nouns, Ac^ectives, and 
Verbs, in Grammatical Order ; 2. Latin, made out of each column, for Trans- 
lation ; 3. English of the same, for Bie-translation. By the Rev. Jambs 
PzcROFT, B.A. 12mo. 2s. 6d. cloth. 

Valpy's Latin Grammar. 

The Elements of Latin Grammar: with Notes. By R. Valft, D.D. New i 
Edition, with numerous Additions and Corrections. 12mo. 2s. 6d. bound. j 

Dr. Kennedy's Latin Grammar. 

An 'Elementary Grammar of the Latu. Language, for the use of Schools, by 
the Rev. B. H. Kennedt, D.D. Head Master of Shrewsbory School, being a 
new Eklition of the first portion of Dr. Kennedy's Latin Grammar. 12mo. 
Ss. 6d. cloth. 

'«* A new Edition of the second portion, forming an advanced graaunar, 
will be ready shortiy. 

Moody's Eton Latin Grammar in English. 

The New Eton Latin Grammar, with the Marks of Quantity and the Rules of 
Accent; containing the Eton Latin Grammar as used at Eton, and its Trans- 
lation into Kuglish : with Notes and copious Additions. By llev. Cucmskt 
Moody, M.A. 7th Edition. l2mo. 2s. 6d. cloth. 

The Eton L«tln Accidence : with Additions and Notes. New Edition. 12mo. Is. 
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Graham's First Steps to Latin Writing. 

First Steps to Latin Writing : intended as a Practical Illustration of the Latin 
Accidence. To which are added, Examples on the principal Rules of Syntax. 
By G. F. 61U.HAM. 2d Edition, considerably enlarged. 12mo. 4a. cloth. 

Valpy's Latin Delectus, and Key. 

Delectus Sententiarum et Historiaium ; ad usnm Tironnm accommodatus; cnm 
Notttlis etLexico. Auctore R. Yaxf;, D.D. New Edition. 12mo. 2a. 6d. cloth. 

Ket. New Edition, carefully revised. 12mo. 3s. 6d. cloth. 

Valpy's Second Latin Delectus. 

The Second Latin Delectus; designed to be read in Schools after the Latin 
Delectus, and before the Analecta Latina Majora: with English Notes. By 
the Rev. F. E. J. VA.LPT, M.A. 2d Edition. 8vo. 6s. bound. 

Valpy's First Latin Exercises. 

First Exercises on the principal Rules of Grammar, to be translated into Latin : 
with familiar Explanations. By the late Rev. R. Valty, D.D. New Edition, 
with many Additions. 18mo. Is. 6d. cloth. 



Valpy 



's Second Latin Exercises. 



Second Latin Exercises ; applicable to every Grammar, and intended as an Intro- 
duction to Valpy's « Elegantie Latin's." By the Rev. E. Talpy, B.D. 
6th Edition. 12mo. 2s. 6d. cloth. 

i Valpy's Latin Vocabulary. 

' A New Latin Vocabulary ; adapted to the best Latin Grammars : with Tables of 
Numeral Letters, English and Latin Abbreviations, and the Value of Roman 
and Grecian Coins. By R. Valfy, D.D. 11th Edition. 12mo. 2s. bound. 

I Valpy's Elegantiae Latinse, and Key. 

Elegantise Latinse ; or, Rules and Exercises illustrative of Elegant Latin Style : 
w ith the Original Latin of the most difficult Phrases. By Rev. E. Val *t, B. D. 
! 11th Edition. 12mo. 4s. 6d. cloth. 

' Key, being the Original Passages, which have been translated into Ei-glish,to 
: serve as Examples and Exercises in the above. 12mo. 2s. fid. sewed. 

Valpy's Latin Dialogues. 

. Collected from the best Latin Writers, for the use of Schools, as well as o f 

! Private Students. 7th edition. 12mo. 2s. 6d. cloth. 

I 

I Butler's Praxis, and Key. 

j A Praxis on the Latin Prepositions : being an attempt to illustrate their Orifldn, 
Signification, and Government, in the way of Exercise. By the late Bisnop 
Bdtles. 6th Edition. 8vo. 6s. 6d. boards. — Kby, 68. boards. 

An Introduction to the Composition of Latin Verse ; 

containing Rules and Exercises intended to illustrate the Manners, Customs, 

and Opinions, mentioned by the Roman Poets, and to render familiar the 

I principal Idioms of the Liatin Language. By the late Christopbbr Ra.pibb, 

j A.B. 2d Edition, re^-ised by the Rev. T. K. Armold, iiJL. 12mo. Ss. 6d. 

I cloth. — K.BY, 28. 6d. sewed. 

Howard's Introductory Latin Exercises. 

Introdnctorv Latin Exercises to those of Clarke, Ellis, Turner, and others: 
I designed for the Younger Classes. By Nathan iel Howard. A New Edition. 

, 12mo. 2b. 6d. cloth. 

Howard's Latin Exercises extended. 

Latin Exercises Extended ; or, a Series of Latin Exercises, selected ttom the best 
Roman Writers, and adapted to the Rules of Syntax, particularly in the Eton 
Gxammar. To which are added, English Examples to be translated into Latin, 
immediately under the same rule. Arranged under Models. By Nath^mxbi. 
Howard. New Edition. 12mo. 3s. 6d. cloth.— Key, 12mo. 2s. 6d. 

Bradley's Latin Prosody, and Key. 

Baercises in Latin Prosody and Versification. 8th Edition, with an Appendix on I 
Itjric and Dramatic Meastures. 12mo. Ss. 6d. doth. — K.ey, 12mo. 2s. 6d. \ 
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Bradley's Exercises,»&c. on Latin Grammar. 

Series of Exerciaes and Questions; adapted to the best Latin Grammars, and 
designed as a Guide to Parsing, and an Introduction to the Exercises of Valpjr, 
Turner, Clarke, Ellis, &c. &c. By the Rev. C. Bjuldlbt. 4th Edition. 
12mo. 2s. 6d. bound. 

The London Vocabulary, English and Latin ; 

designed for the Use of Schools. By Js. Greenwood. ReTised and arranged 

irner in scientific as well as verbal knowledge. 
18mo. Is. 6d. cloth. 



STStematicaUy,to advance the learner in scientific as well as verbal knowle 
By N. H0W4BD. New Edition. 



Beza's Latin Testament. 

Novum Testamentum Domini Nostri Jesn Christi, Interprets Thxodoka Bha. ^ 
Editio Stereotypa. 12mo. 3s. 6d. bound. 

1 

Valpy's Epitome Sacrse Historiae. 

Sacrae Historise Epitome, in usum Scholamm: cum Notts Angllcis. By tht 
Rev. F. E. J. Yaut, M.A. 7th Edition. 18mo. 2s. cloth» 



EDITIONS OF CREEK CLASSIC AUTHORS. 

Yalpy*s Homer. 

Homer's Iliad, complete : English Notes, and Questions to first Eight Books. 
Text of Heyne. By the Rev. E. Valpt, B.D. late Master of Norwich School. 
6th Edition. 6vo. 10s. 6d. bound.— Text only, 5th Edit. 8vo. 6s. 6d. bound. 



Major's Euripides. 



Euripides. From the Text, and with a Translation of the Notes, Preface, and 
Supplement, of Porson; Crttical and Explanatory Remarks, original and 
selected ; Illustrations and Idioms from Malthite, Dawes, Viger, &c. ; and a 
Synopsis of Metrical Systems. By Dr. Major. 8vo. 24s. clou. 
*,' The Five Plays separately, price 6s. each. 

Burges's ^schylus. 

.£schylus— The Prometheus : English Notes, &c. By G. BuRoss, A.M. Trinity 
College, Cambridge. 2d Edition. Post 8vo. 5s. boards. 



Linwood's Sophocles. 



Sophoclis Tragoedie superstites. Recensuit et brevi Aanotatione instmxit 
G. LiM WOOD, M.A. JEdis Christi apud Oxonienses Alumnus. 8vo. 16s. cloth. 

Brasse's Sophocles. 

Sophocles, complete. From the Text of Hermann, Erftirdt, &c. ; with original 
Explanatory English Notes, Questions, and Indices. By Dr. Brassb, Mr. 
BuRGES, and Rev. F. YALPt. 2 vols. postSvo. Sis. cloth. 

*.* The Seven Plays separately, price 5s. each. 

Balfour's Xenophon's Anabasis. 

The Anabasis of Xenophon. Chiefly according to the Text of Hutchinson 
With Explanatory Notes, and Illustrations of Idioms from Viger, &c., copious 
Indexes, and Examination Questions. By F. C. BALroua,M.A.Oxon.F.R.A.S. 
LL.D. 4th Edition. PostSvo. 8s. 6d. boards. 

Hickie's Xenophon's Memorabilia. 

Xenophon's Memoraoilia of Socrates. From the text of Kuhner. With Notes, 
Critical and Explanatory, from the best Connnentators, and bythe Editor ; 
Questions fur Examination ; and Indices. By D. B. Hickib, LL.u. Post 6vo. 

[In the press. 

Badter's Xenophon's Cyropaedia. 

The Cyropcedia of Xenophon. Chiefly from the text of Dindorf. With Notes, 
Critical and Explanatory, from Dindorf, Fisher, Hutchinson^oppo, Schneider, 
Sturtz^ and otherscholars, accompanied by the editor's. With Examination 
Questions, and Indices. By E. H. Babjcer. Post 8vo. 9s. 6d. bds. 

Stocker's Herodotus. 

Herodotus; containing the Continuous History alone of the Persian Wars: 
with English Notes. By the Rev. C W. Stqcker, D.D. Vice-Principal of 
St. Alban's Hall, Oxford. New Edition. 2 vols, post 8vo. 18s. cloth. ^ 
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Barker's Demosthenes. ^ 

Oemoathene*— Oratio Philippic* I., OlTBfluaea 1. 11. and III., De Pac^, JEmtiun» 
eoatra Denuwtbennn, De Conma. with Eagliah Notts. By £. H. B. 
2d Edition. F<wt8T0.8«.6d. boards. 

EDITIONS OF LATIN CLASSIC AUTHORS. 

Vir^l with 6,000 Marginal References, by Pyeroft. 

Tlie £neid. Grorfrics, and Bncolies of Virgil : 'with Maryrinal Beferencc s , and 
concise Notes fktmi Wagner, Heyne, and Anthon. Edited. from the Text of 
Wagner, by the Rer Jas. Ptcbott, B.A. Trin. Coll. Oxford. Fep. 9vo. Ts.Cd. 
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bound ; without Notes, Ss. 6d. bound. 



Valpy's Edition of Virg[il. 

, p. Tirgilii Maronis Bucolica, Georgica, iEEneis. Aceednnt,ta mtiain Jwentntls , 
Not* qucdan Au^ce scripts. Edited by A. J. Valtt, MJL. New Editkm. 
18mo. 7s. M. bound; the Txxt only, Ss. 6d. bound. 

Bradley's Ovid's Metamorphoses. 

Oridii Metamorphoses ; in usnm Scholanun eaoerpts : quibns acoedunt Notalai 
Anglic* et QuKstiones. Studio C. Bkadlst, A.M. Editio Nom. Um*. 
4b. 6d. cloth. 

Valpy's Ovid's Epistles and Tibnllns. 

Electa ex Oridio et Tibnilo : cum Notis Anglicis. By the Rer. F. E. J. TAi.rT, 
M.A. Master of Burton-on-Trent SchooL 4th Edition. 12mo. 4a. 6d. doth. 

Bradley's Phsdrus. 

Fhcdri FabuUe; in usum Seholamm expurgate: ouibns aeeeduat Notute 
AngUcaetQuastiones. Studio C.B&adi.st,A.M. EditioNoTa.13iiw.3a.6d.cL 

P. Terentil Afri ComcBdis Sex. 

Ex Editions Th. Faro. Goo. RxmHuiDT. With Explanatory Notes, by 
D. B. Hickix, LL.D. 2d Edition. 12mo. wHh Portratt, 9s. 6d. doth. 

Valpy's Juvenal and Persius. 

Dectmi J. Jurenalis et Persii Flacci Satire. Ex edd. Rupert! et Kosnig axpor 

Bt». Accedunt, in gratiam JuTcntutis, Note quaedam Anglic« scripte. 
lited by A. J. Taupt, M.A. 9d Edit 12mo. Ss. 6d. doth ; without Notes, 3s. 

Valpy's Horace. 

Q. Horatii Flacci Opera. Ad fidem optimorum exemplarium castigata ; cum 
Notnlis Anglicis. Edited br A. J. Valpt, M.A. New Edition. 18mo. fc. 
bound ; without Notes, 3s. 8d. bound. 

's* The objectioaable odes and passages hare been expunged. 

The Rev. Canon Tate's Edition of Horaee. 

Heratius Restitutns ; or, the Booiis of Hotaoe arranged in Chnmologisal 
Order, according to the Sehease of Dr Bentiey, fkvm the Text of Oesaer, oer- 
rectedf and improved : with aPreUminarr Diasertation, very much enlarged, 
on the Chronology of the Works, on tne Localities, and on the Life and 
Character of that Poet. By Jambs Tate, M.A, 2d edition, to which is now 
added, an original Treatise <m the Metres of Horaee. Sto. cloCh, Ids. 

Barker's Tacitus—Germany and Agricola. 

The Germany of C. C. Tadtus, from Passow*s Text; and the Agrleola, flhmi 
Brotier^s'nxt: with Critical and Philological Remarks, partly original and 
partly collected. Bt E. H. Barkbk, late df Trinity CoUegs, C*mbrMig«. «th 
Edition, rerised. 12mo. 6s. 6d. cloth. 

Valpy's Tacitus, with English Notes. . 

C. Uomelii Taciti Op^. From the Text of Brotier; with his Explanatory 
Notes, translated into English. By A. J. Valpt,M.A. 3 vols. postSvo. 24s. bds. 

C. Crispi SalluPtii Opera. 

With an Knglith Commentair, and Geographical and Historical Indexes. 
CBAKI.KS A»TB0M, LL J). Ncw Edition. 12mo. 6s. doth. 
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C. Jiilii Caesaris Commentarii de Bello Gallico. 

Ex recensione Fr. Ocdknoorpii. With Explanatory Notes, and Historical, 
Geoi^aphical, and Arch»ological Indexes. By CbaUiIS Amthom, LL.D. 
New Edition. 12mo. 4s. 6d. cloth. 

M. Tullii Ciceronis Orationes Selectse. 

Ex recensione Jo. Aoo. EaNisTi. With an English Commentary, and 
Historical, Geographical, and Legal Indexes. ByCk*Ai.M Amtbom, LL.D. 
New Edition. 12mo. 68. cloth. 

Barker's Cicero de Amicitia, &c. 

Cicero's Cato Maior, and I<selias : with English Explanatory and Philologieal 
Notes : and with an English Essay on the Respect paid to Old Age b) the 
Egyptians . the Persians, the Spartans, the Greeks, and the Romans. By the 
late E. H. Barkbr, Esq. of Trinity CoUege, Cambridge. 6th Edition. 12mo. 
4s. (M. cloth. 

Valpy's Cicero's Offices. 

M. Tullii Ciceronis de Oflflciis Libri Tret. Aceedont, in usnm Juventntis, Nota 
quaedam Anglicss scriptc. Edited by A. J. Valtt, M.A. Editio Qainta, i 
aucta et emendata. 12mo. 6s. 6d. cloth. I 

Valpy's Cicero's Twelve Orations. 

Twelve Select Orations of M. Tullius Cicero. From the Text of Jo. Casp. i 
Orellius; with English Notes. Edited by A. J.Ya.i.ft, M.A. 3d Edition. 
Post 8vo. 7s. 6d. boards. 

Bradley's Cornelius Nepos. 

Comelii Nepotis Yitc Excellcntium Imperatomm: quibos acccdnnt Notuls 
Anglicc et Qotestiones. Studio C. Bra.dlbt, A.M. Editio OctRTa. 12mo.S«.6d.cl. 

Bradley's Eutropius. 

Eutropii Hlstorie Romania Libri Septem : quibos accednnt Notnte Anglica et 
QuiesUoies. Studio C. Brxduct, A.M. Editio Duodecima. 12mo.2«.aa. cloth. 

Hickie's Livy. 

The Firtt Five Books of Livy: with English Explanatory Notes, and Examina- 
tion Que itions. By D. B. Hickir, LL.D. 2d Edition. Poat 6to. 8s. 6d. boarda. 

Fasciculus Primus Historiae Britannicee. 

The First Chapter of the History of England, selected from the Writings of 
Csesat and Tacitus. To which are added. Explanatory Notes for the vac of 
Schools. By W. Dra.rr, M.A. . 12mo. 3a. 6d. cloth. 



WORKS BY THE REV. S. T. BLOOMRELD, D.D. F.S.A. 

Bloom field's New Greek Vocabulary. 

Lesilogns Schcdasticus ; or, a Greek and English VoeabnlaiT on a new and 
improved plan : comprising all the Primitives, with some select Derivatives ; 
and presenting a brief Epitome in outline of tne Greek Language. 18mo. 3s. 

Bloomfield's Epitome of the Greek Gospels. 

Epitome Evangelica ; being ^elections from the Four Greek Gospels : with a 
Claris and Grammatical Notes. Intended as a Companion to the Author's 
" Lexilogus ScholasUcus," and as an Introduction to bis *' CoUege and School 
Greek Testament." I8mo. 4s. cloth. 

Bloomfield's Greek Lexicon to the New Testament. 

sd to th« 
I intended 
ion, en- 
larged and improved. Fcp. 8vo. 10s. 6d. cloth. 

Bloomfield's College and School Greek Testament. 

The Greek Testament: witti brief English Notes, Philological and Explanatory. 
Especially formed for the use of Colleges and the Public Schools, but ano 
adapted for general purposes, where a larger work is not requisite. 4th 
Edition, enlarged and improvetl. 12mo. 10s. Sd. cloth. 
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BkMHDfield's Gieek Thocydides. 

1 fvMCSBIB^B 9 •^■■C^^H 





r 



Bloomfield's Translation of Thnerdides. 
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HISTORV, CHRONOUOCY, AND MYTHOIjOGY. 
A Manual of English Antiquities. 

By JajB CT EecfatoB , BJk. Hod Ifactcr «r Sttia 

Lempriere's Classical Dictionaiy, abri^ed 

Far IHriilJe ukd Prirate SebMl* of hoik Sem. B;&elate£.H.B&mKK»,Tn> i 
BityCaQeze.Cambrtdlce. A K««EditMa, retard xni cacraelcdtkvMshiMt. 

Blair's Chronological and Historical Tables. 

tkgawt AwflMtieWiitew; mrhrfiBC theCii|i«HliM of St. Pwd^as. 
thePmodfrtoHCheEMdetotiieTeanle. CadcrtlKi 



of Sir HKJf btEuxsK.il PraKiyalLihnxiaB of tlKBntMkMwcHM. lap. 
fm».3U.M.half- 



Mangnall'S Questions.— TnOnT CnmBAn Omrun Emtiom. 

Hictorieal and MiwrilaaHms QiMrtioM,farthe Cae of Toaw Pc«|de ; with a 
SelcctioB of BritiA and General Biogr aphy , Ac <te. Br R. Najrosaxc New 
Edtt«m, with the Aathor** Last Gomctiow, and other very *— ^j^r- 
Additiwi and laaprovcncatB. ISiM. te. Cd. boaad. 

Corner's Sequel to Mang^alfs Questions. 

Qoestioiu on the Historf of Eort^ : a Seqnel to Maa^iiall*B ffiatoricm Qi 
tioas ; eomprisiii^ QnevtioBa on the HistorT of the Natioas of Coatiaental I 
Ettdope not cumpreheaded in that wort. Bj Jclim. Cobubb. Kew Edition. I 
Itaao. 5«. bovad. 

Knapp's Universal History. 

An Abridgoieatof Caivenal HistorT,adap*edtatheCaeofFaadIinaad8eiMols ; 
with appropriate Qocstioiia at tae cad of each Sectioa. Br the R«t. H. J. 
Kmatt, M.A. New Editioa. with the sexies of evcata bionght down to the i 
preaent time. IZmo. 5a. boond. 1 

A Catechism of Church History i 

la general, from the ApoctoUc A^ to the Pieacat Time. To which ia added, 
• Oatecfaiam of Eagliah Church Hiator y; w ith a Chronolocical Svaunary of I 
Principal Eteota. By the Bcr. W. T. wakiBaaa, AM. Theological Tutor 
of Cheltenham College. Fep. 8to. 6a. doth. ; 

Hort's Pantheon. 1 

The New Pantheon; or, an IntrodoctioB to the Myflioloey of the Aacieata,ia ' 
Qnection and A nawer: compiled for the Oae of Tonng Persona. To which are ! 
added, an Accentuated Index, Qneationa for Exerdae, and Poetical ninstra- 
^ona of Grecian Mythology, irom Homer and TirgiL ByW. J. Uokt. New 
Edition, enlarged . IMno. with 17 Platea, 9a. «d. bound. 

Hort's Chronology. 

An Introduction to the Study of Chronology and Ancient Hiatory: la Qneation 
and Answer. By W. J. Hoet. New Edition. ISmo. 4a. bound. 
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Tables of Chronology, and Regal Genealogies. 

Combined and separate. By the Rev. J. H. Howlxtt, M.A. 2d Edition. 
4to. 6a. 6d. cloth. 

Metrical Chronology ; 

In which most of the important Dates In Ancient and Modem History are 
expressed by Consonants used for Numerals, and formed, by aid of Vowels, 
into f igniflcant Words : with Historical Notes and Questions for the Exercise 
of Young Persons. By Rev. J. H. Howlbtt,M A. 3d Edit. Postbvo.7s. cloth. 

School Chronology ; or, the Great Dates of History. 

Drawn up for the use of the Collegiate Schoolf, Liverpool. Third Edition. 
Square 12mo- Is. stitched. 

Valpy's Poetical Chronology. 

Poetical Chronol^y of Ancient and English History: with Historical and Expla- 
natory Notes. ByR.VALPT,D.D. New Edition. 12mo. 2*. 6d. cloth. 

Keightley's Outlines of History. 

Outlmes of History, from the Earliest Period. By Thomvs Kbiobtlet, Esq. 
New Edition, corrected and improved. Fcp. 8vo. 6s. cloth ; 6s. 6d. bound. 

Sir Walter Scott's History of Scotland. 

History of Scotland. By Sir Waltbh ScoTT,BrtrL New Edition,2 vols. fcp. 8vo. 
with Vignette Titles, 12s. cloth. 

Valpy's Elements of Mythology. 

Elements of Mythology; or, an Easy History of the Pagan Deities : intended to 
enable the young to understand die Ancient Writers of Greece and Rome. By 
R. Valft, D.D. 8th Edition. 12mo. 2s. bound. 



GEOMETRY, ARITHMETIC, LAND-SURVEYING, ETC. 

I Sandhurst College Astronomy and Geodesy. 

I Practical Astronomy and Geodesy : including the Projections of the Sphere and 
j Spherical Trigonometry. For the use of the Royal Military College, Sand- 

hurst. By John Nakribn, F.R.S. & R.A.S. Professor of Mathematics, &c. 
in the Institution. 8vo. I4s. botmd. 

I Sandhurst College Trigonometry. 

I Plain Trigonometry and Mensuration. By W. Scott, Esq. A.M. and F.R.A.S. 
j 8vo. 9s. 6d. boimd. 

Sandhurst College Elements of Euclid. 

i Elements of Geometry : consisting of the first four, and the sixth, Books of 
Euclid, chiefly from the Text of Dr. Robert Simson ; with the principal 
Theorems in Proportion, and a Course of Practical Geometry on the Ground. 
Also, Four Tracu relating to Circles, Planes, and Solids; with one on 
Spherical Geometry. By John NA&aiEN, F.R.S. and R.A.S. 8vo. 10s. 6d. bd. 

j Sandhurst College Analytical Geometry. 

! Analytical Grometry : with the P'operties of Conic Sections : and an Appen- 
dixj containing a Tract on Descriptive Geometry. For the use of the Royal 
Mihtary College, Sandhurst. By J. Narriew, F.R.S. and R.A.S. 8vo. Ss. 8d. 

Sandhurst College Arithmetic and Algebra. 

Elements of Arithmetic and Algebra. By W. Scott, Esq. A.M. and F.R.A.S. 
Second Mathematical Professor in the Institution. 8vo. l6s. bound. 



Professor Thomson's Elementary Algebra. 

eati.se on Algebra, Theoretical and F 
Professor of Mathematics in the Ui 
>. 58. cloth. 
■ »* A Kbt to this work is in the press. 



I 



An Elementary Treatise on Algebra, Theoretical and Practical. Br Jambs 
Thomson, LL.D. Professor of Mathematics in the University of Glasgow. 
3d Edition. 12mo. Ss. cloth. 
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Nesbit's Mensuration, and Key. 

A. Treatise on Practical MenaonitioB • oontaiidiis' the moat approved Metiiodt of 
drawing Geometrical Fieorea; Mensuration m Snperfidea, Land Snrreying; 
Mensuration of Solids ; toe Use of the Carpenter's Rule ; Timber Meaaure, Ac 
By A. NataiT. 13th Edition. 12mo. witn 300 Woodcuta. 8a. bowuL 

Kit. 7tli Edition. 12mo. fa boand. 

Nesbit's Land Surveying. 

A Complete Treatise on Practical Land Snrreying. By ▲. Nssbit. 7tfa Edition. 
8to. irith Plates, WoodcuU, and Field-book, 12a. boards. 

Crocker's Land Surveying. 

Crocker's Elements of Land Snrreytng. Mew Edition, corrected thronghont, 
and considerably improred and modernised, by T. G. Bdnt, Land-Snrreyor, 
Bristol. To which are added. Tables of Six-figure Loearithms, anperiatended 
bTRicHA.RD FA.BLBT,ofthe Nautical Almanac Estabhahment. PoatSro. with 
Plans, Field-book, Ac. 12a. cloth. 

Farley's Six-Figure Logarithms. 

Tables of Six-flgure Logarithms; containing the Logarithms of Nnmbera trotm 
1 to lOiXX), and of Sines and Tangenta for every l^nte of the Quadrant and 
every Six Seconda of the first Two Desprees : with a Table of Constants, and 
Formnke for the Solution of Plane anaSpberkal Triangles. Superintended by 
RiCBAAD Fablbt. Posi 8to. 4a. 6d. 



Illustrations of Practical Mechanics. 

By the Rev. H. Moselbt, M.A. Profiessor of Natural PhOosophy and Astronomy 
in King's College, London. 2d Edition. Fcp. 8to. with numerous Woodcuts, 
88. cloth. 

Tate's Exercises on Mechanics and Natural Phi- 
losophy ; or, an easy introduction to Engineering ; containing various Applica- 
tions of the Principle of Work : the Theory of me Steam Engine with Sunple 
Machines ; Theorems and Problems on AccumtUated Work, «e. By Troka.8 
Tatr, Mathematical Master of the National Society's Training College, 
Battersea. New Edition. Fcp. 8to. 2s. doth. 

Tate's Treatise on the First Principles of Arithmetic, 

after the method of Pestaloszi. Deaigned for the use of Teachers and Monitora 
in Klementiry Schools. By Tbomas Tate, Mathematical Master of tha 
National Society'a Training Institution, Batteraea. 12mo. Is. sewed. 

Keith on the Globes, and Key. 

A New Treatise on the Use of the Globes ; or, a Fhilosopoical View of the Earth 
and Heavens: comprehending an Account of the Figure, Magnitude, and 
Motion of the Earth : with uie Natural Changes of its Surface, caused by 
Floods, Earthquakes^ftc. By Thomas Keith. New Edition, improved, by 
J. RowBOTHAM, and w. H. Pbiob. 12mo. with 7 Plates. 6s. 6a. bound. 

Kbt, by Pbiob, reviaed by J.Rowbotkam, 12no.2a.6d.cloai. 

Tate's Algebra made Easy. 

Alffebra made Easy. By Thomas Tatb, Mathematical Master of the National 
Society's Training College, Batteraea. I2mo. 28. cloth. 

Keith's Trigonometry. 

An Introduction to the Theory and Practice of Plane and Spherical TrigononaetrT, 
and the Stereographic Projection of the Sphere, including the Theory of Navi- 

5aUon ; comprehending a variety of Rules, Formuls, Ac with their Practical 
applications. By Thomas Keith. 7th Edition, corrected by S. MAYXAmn. 
8vo. 14s. cloth. 

The Ladies' Complete Arithmetician ; 

Or, Convi>rsational Arithmetic In which all the Rules are explained in Easy 
and Familiar Language. To which is added, a short History of tih« Coinage ; 
with Tables of the Weights and Measures of the Aacients. By Mr*. Henry 
Ayres. 2d Edition. 12mo. 5s. cloth. 

*•* Key to the Second Edition. 12mo. 3a. cloth. 
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Taylor's Arithmetic, and Key. 

The Arithmetician's Guide; or, a complete Exercise Book: for Public Schools 
and Private Teachers. By W. Tailor. New Edition. 12mo. 2s. 6d. bound. 

KxT to the rame. Bjr W. H. Writs, of the Commercial and Mathematical 
• School, Bedford. 12mo. Is. bound. 

Molineux's Arithmetic, and Key. 

An Introduction to Practical Arithmetic ; in Two Parts : with Tarious Notes, and 
occasional Directions for the use of Learners. By T. Moliiteuz, many years 
Teacher of Accounts and the Mathematics in Macclesfield. Ib Two Parts. 
Part 1. 12mo. 28. 6d. bound.— Part 2. 12mo. 2s. 6d. bound. 

Kkt to Part 1, 6d.— Kby to Part 2, «d. 

Hall's Key to Molineux's Arithmetic, Part I. 

12mo. 3b. bound. 

Simson's Euclid (the Standard Editions). 

Simson's Elements of Euclid (Library Edition) ; viz. the First Six Books, to««- 
ther with the Eleventh and Twelfth ; also the Book of Euclid's Data. With 
the Elements of Plane and Spherical Trigonometry ; and a Treatise on the 
Constructirn of the Tr'gonometrical Canon. By the Rev. A. Rubbutsom, D.D. 
F.R S. 2.'ith Edition, revised and corrected by S. Matnard. 8vo. 98. bound. 

Simson's Elements of Euclid (School Edition) ; vii. the First Six Books, tocether 
with the Eleventh and Twelfth. Printed, with a few variations and additional 
references, from the Text of Dr. Simson. New Edition, revised and corrected 
by S. Matnard. 18mo. 5s. bound. 

Simson's Elements of Euclid (Symbolically Arranged) : edited, in the Symboli- 
cal form, by the Rev. R. Blakelock,M.A. late Fellow and Assistant "tutor of 
Catherine Hall, Cambridge. New Edition. 18mo. 6s. cloth. 

Joyce's Arithmetic, and Key. 

A .System of Practical Arithmetic, applicable to the present state of Trade and 
Money Transactions : illustrated by numerous Examples under each Rule. By 
the Rev. J. Joyce. New Edition, corrected and Improved by 8. Matnard. 
I2mo. 3s. bound. 

Kbt ; containing Solutions and Answers to all the Questions in the work. New 
Edition, corrected and enlarged by S. Matnard. 18mo. 3«. bound. 

Walkingame's Arithmetic and Key, by Crosby. 

The Tutor's Assistant ; beinic a Compendium of Arithmetic, and a complete 
Quefstion-Book ; containing Arithmetic in Whole Numbers, Vulgar Fractions, 
Decimals, Duodecimals, the Mensuration of Ciicles, a Collection of Questions. 
Ac. By Francis Walxinqaxb. A New Edition, corrected by T. Crosbt. 
12mo. 28. cloth. 

Crosby's Key to Walkincame's Arithmetic. 

New Edition, careAiUy revised by S. Matnard. 12mo. 3s. 6d. doth. 

Morrison's Book-Keeping, and Forms. 

The Elements of Book-keeping, oy Sin^e and Double Entry ; comprising several 
Sets of Books, arranged accoraing to Praent Practice, and designed for the use 
of Schools. By Jakes Morrison, Accountant. New Edition, considerably 
improved. 8vo. 8s. half-bound. 

Sets of Blank Books, ruled to correspond with the Four Seta contained in the 
above work : Set A, Single Entry, 38 : Set B, Double Entry, 9s. ; Set C, Com- 
mission Trade, 12a. ; Set D, Partnership Concerns, 4s. 6d. 

Morrison's Commercial Arithmetic, and Key. 

A Concise System of Commercial Arithmetic. Br J. Morrison, Accountant. 

New Edition^ revised and improved. 12mo. 4s. So. bound. 
Key. 3d Edition, corrected and improved by S. Matnard, Editor of ** Keith's 

Matliematical Works." 12mo. 8s. botmd. 

Nesbit's Arithmetic, and Key. 

A Treatise on Practical Arithmetic. By A. NnsBrr. 3d Edition. lSmo.6B.bd. 
A Key to the same. 12mo. 5s. bound. 

Part II. of Nesbit's Practical Arithmetic. 12mo. Ts bd. bound. 
Kbt to part IL 12mo. 7s. bound. 
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Peschel's Elements of Physics. 

The Elements of Physics. By C. F. Pcschbl, Principal of the Royal Military 
College, Dresden. Translated from the German, with Notes, by E. West. 
3 roU. fcp. 8vo. with Woodcuta and Diaip-ams, 21s. cloth. 

( Part 1. The Physics of Ponderable Bodies. Fcp. 8to. 7s. 6d cU 

Separately j Part 2. Imponderable Bodies (Light, Hei^, Magnetism, Elec- 

( tricity, and Electro- Dynamics). 2 vols. fcp. 8to. 13s. 6d. cloth. 

Mr. Gower's Scientific Phenomena of Domestic Life, 

Familiarly explained. 2d Edition. Fcp. 6to. with woodcuts, 5s cloth. 

Contents:— 1 The Bedroom; 2. The Breakfast Parlour; 3. The Morning 
Walk ; 4. The Kitchen; 5. The Study ; 6. The Summer's Evening ; 7. Lati- 
tude ; 8. Longitude ; 9. The Sea Shore. 

Mrs. Lee's Natural History for Schools. 

Elements of Natural History, for the use of Schools and Young Persons ; com- 
prising the Principles of Classification, interspersed with amusing and in- 
structive Original Accounts of the most remarkable Aninuds. By Mrs. Lkb. 
12mo. with 65 Woodcuts, 7s. 6d. bound. 



WORKS FOR YOUNC PEOPLE, BY MRS. MARCET. 

Spelling Book : The Mother's First Book : 

Containing Reading made Easy, and the Spelling Book. New Edition. 
12mo. with Woodcuts, Is. 6d. doth. 

Willy's Grammar : 

Interspersed with Stories, and intended for the use of Toung Boys. New 
Edition. ISmo. 2s. 6d. cloth. 

Mary's Grammar : 

Interspersed with Stories, and intended for the use of Girls. New Edition. 
18mo. 3s. 6d. half-bound. 

The Game of Grammar : 

With a Book of Conversations, shewing the Rules of the Game, and affording 
Examples of the manner of playing at it. In a varnished box, or done up as a 
post 8vo. volume, 8s. 

Conversations on Language, for Children. 

New Edition. 18mo. 4s. 6d. cloth. 

Lessons on Animals, Vegetables, and Minerals. 

New Edition. Idmo. 2s. cloth. 

Conversations on Land and Water. 

New Edition, revised and corrected. Fcp. 8vo. with a coloured Map, Ss. 6d. 

Conversations on Chemistry. 

New Edition, revised, corrected, enlarged, and improved. 2 vols. fcp. 8to. 
lis. cloth. 

Conversations on Natural Philosophy. 

New Edition. Fcp. 8vo. with 23 Plates, lOs. 6d. cloth. 

Conversations on Vegetable Physiology. 

New Edition. Fcp. 8vo. with four Plates, 98. cloth. 

Conversations on Political Economy. 

New Edition. Fcp. 8vo. 78. 6d. cloth. 

I Conversations on the History of Enj^land. 

' For the Use of Children. New Edition, with continuation to the Reign of 

! George III. 18mo. 5s. cloth. 
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GEOGRAPHY AND ATLASES. 

Dr. Butler's Ancient and Modern Geography. 

A Skptoh of Ancient and Modern Geography. By Samuel Butler, D.D. latt 
Bishop of Lichfield, formerly Head Master of ShreMrabury School. New Edition, 
revised by his Son. 8vo. 9s. boards ; bound in roan, lUs. 

Dr. Butler's Ancient and Modern Atlases. 

An Atlas of Modem Geography ; consisting of Twenty-three Coloured Maps, f^om 
a new and corrected set of plates: with a complete Index. New Edition. 
8vo. 12s. half bound. 

An Atlas of Ancient Geography; consisting of Twenty-two Coloured Maps, 
M itii a complete Accentuatea Index. New Edition, corrected. 8to. 12s. half- 
bound. 

A General Atlas of Ancient and Modem Geoeraphy ; consisting of Forty-five 
coloured Maps, and Indices. New Edition, corrected. 4to. 24s. half-bound. 
*,* The Latitude and Longitude are g^ven in the Indices. 

Abridgment of Butler's Geography. 

An Abridgment of Bishop Butler's Modem and Ancient Geography: arranged in 
tlie form of Question and Answer, for the use of Beginners. By Maat 
Cdnninouam. 3d Edition. Fcp. 8vo. 28. cluth. 

Dr. Butler's Geographical Copy- Books. 

Outline Geographical Copy-Books, Ancient and Modern : with the Lines of Lati- 
tude and Longitude omy, for the Pupil to fill up, and designed to accompany 
the above. 4to. each 4s. ; or together, sewed, 7s. 6d. 

The Geography of Palestine and the Holy Land, 

Including Phoenicia and Philistia: with a Description of the Towns and 
Places in Asia Minor visited by the Apostles. By W. M'Leod, Head Master 
of the Model School, Royal Military Asylum, Uhelsea; late Master of the 
Model School, Battersea. 12mo. [In th« pma. 

Goldsmith's Popular Geography. 

G eography on a Popular Plan. New Edit, including Extracts ttom recent Yojigea 
and 1 ravels, with Engravings, Maps, &c. By Rev. J. Goldsmith. 12mo. 14a. Ed. 

Dowling's Introduction to Goldsmith's Geography. 

Introduction to Goldsmith's Grammar of Geography : for the use of Junior Pupils. 

ByJ.DowLiNO. NewEdition. Mmo. 9d. sewed. 

By the same Author, 
Five Hundred Questions on the Maps in Goldsmith's Grammar of Geography. 

New Edition. I8mo. 8d. — Kxr, 9d. 

Goldsmith's Geography Improved. 

Grammar of General Geography : for the Use of Schools and Young Persons. 
By the Rev. J. Goldsmith. New Edition, improved. Revised throughout and 
corrected by Hugh Murray, Esq. Royal Ibmo. with New Views, Maps, &c. 
Ss. 6d. bound. — Key, 9d. sewed. 

Mangnall's Geography, revised. 

A Compendium of Geography ; for tlie use of Schools, Private Families, &c. By 
R. M ANON ALL. A new Edition, revised and corrected throughout. 12mo. 

7s. 6d. bound. 

Hartley's Geography, and Outlines. 

Geography for Youth. By the Rev. J. Hartlet. New Edit, (the 8th), containinf 

ttie latest Changes. 12mo. 4s. 6d. bound. — By the sacie Autiior, 
Outlines of Geography : the First Course for Children. New Edit. 18mo. 9d. ad. 



THE FRENCH LANGUAGE. 
Chambaud's Grammar of the French Tongue: 

With a Preface, containing an Essay on the proper Metnod of Teaching and 
Learning that Language. Revised and corrected agreeably to the Dictionary 
of the French Academy, by M. Des Carii^res. 8to. 5s. 6d. bound. 
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New Modem Frendi Reading Sock for 8Aocl» m$»d Toung Permnu. 

Morceaux Choisis des Auteurs Modemes, 

A I'tuace de la JeancMC. Bjr F. Rowam. With a Voeabnluy of the New and 
Difficult Words and Idiomatic Phraaet adopted in Modem French Literature. 
Foolscap- 8to. [Jnst nmij. 

*,* The chief object of this Tolume is to offer the means of making the youth 
of England acquainted with the French languace, as it is «poken m tlie pre- 
sent day, and as it is presented in the works of rae modem authors of Pr^ince, 
without the risk of sullying the mind of the yoimg r»ader by an introduc- 
tion to such scenes and principles as but too ofUm disgrace the paffes of writers 
who would be an honour to humanity were their moral qualitiesbut equal to 
their genius. 

The second oliiect is to facilitate the task of the teacher, by eodeavoaring to ren- 
der the work attractive in the eves of the pupU : and such selections haw 
therefore been made as will, it is hoped, be interesting snd entertaining to the 
young reader, while^ at the same time, they will prove worthy specimens of 
the peculiar style of^ their respective autnors, and sufficiently demonstrate the 
great idiomatic revolution which has taken place in the French language 
within the last quarter of a century. 

Hamel's French Grammar and Exercises, by Lambert. 

Hamel's French Granmuir and Exercises. A New Edition, in one volume. 
Carefully corrected, greatly improved, enlarged, and re-arranged. By N. 
Lambert. 12mo. &s. 6d. bound. 

Hamers French Grammar.— (The Original Edition.) 

A New Universal French Grammar ; being an accurate System of French Acci- 
dence and Syntax. By N. Ha,mel. New Edit, improved. 12mo. 4s. bound. 

Hamel's French Exercises, Key, and Questions. 

French Grammatical Exercises. By N. H&.itKL. New Edition, carefully revised 

and greatly improved. 12mo. 4s. bound. 
Key, 12mo. 3b. bound. — Questions, with Key, 9d. sewed. 

Hamel's World in Miniature. 

The World in Miniature ; containing a faithful Accovmt of the Situation, Extent, 
Productions, Government, Population^ Manners, Curiosities, &c. of tlie different 
Countries of the World: for Translation into French. By N. Hamki.. New 
Edition, corrected and brought down to the present time. 12mo. 4s. 6d. bd. 

Tardy 's French Dictionary, improved by Tarver. 

Tardy's Explanatory Pronouncing Dictionary of the French Language, in 
French and Enelish; wherein the exact Sound of every Syllable is distinctly 
marked, according to the method adopted in Walker's Pronuncing Dic- 
tionary. To which are prefiied. the Principles of the French Pronun- 
ciation, &c. New Edition, carefully corrected and improved, and enlai^ed, 
by the introduction of many new Words. By J. C. J. TARTEa, French 
Master, Eton. 12mo. [Just ready. 

Dr. Wanostrocht's Grammar of theFrench Language : 

With practical exercises. 20th Edition, revised by J. C. J. Tarver, French Master, 

Eton. 12mo. 48. bound. 
New editions of Dr. WanostrochVs other elementary works and school edition* 

of classical writers : — 



1. French Vocabulary. 12mo. 3s. bd. 

2. T^l6maque. 12mo. 48. 6d. bd 

3. Re(ueil Choisi. 12mo. 38 bd. 

4. Secuel to ditto. 12mo. 4s. bd. 

5. Numa Pompilius. 12mo. 48. bd. 

6. Gil Bias. l2mo. 58. bd. 

7. Livte des Enfonts. 12mo. 2s. bd. 



French and English Dialogues. 
l-2mo. 2s. bd. 
9. Liturgie de L'Eglise Anglaise. 

32mo. 4s. bd. 
10. Key to the Grammar, by Yentonil- 
lac. 12mo. 3s. bd. 



THE ENGLISH LANGUAGE. 

Grammars, Reading Books, and Miscellanemis Works. 

The Modern Poetical Speaker: 

A Collection of Pieces adapted for Recitation, carofallv selected from the 
English Poets of the Nineteenth Century. Bv Mrs PalUser. Dedicated, by 
permission, to tlie Right Hon. the Dowager Lady Lyttelton. 12mo.69. bound. 
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Sewell: The New Speaker and Holiday Task-Book. 

Selpcted from claasical Greek. Latin, and EnslUh writers: — Domosthenes, 
Thttcvdides, Honifr, Sophocles, Cicero, Liry, Virgil, Lucretins, Shakspeare, 
Milton, Buike, Baron, &c. By the Rev. W. Sbwbll, B.D. Fellow and Tutor 
ofEzeter CoUqe^e, Oxfoni. 12mo. 6b. bound. 

" The compiler has throui^hout confined himself to old and acknowledged 
standard writers. The English prose is chiefly from Burke and Barrow. The 
English portion is a vast improvement upon the old ' Speaker.' With regard 
to the learned languages, the boy must be well grounded and pretty far ad- 
vanced, to enter with spirit into the passages given from I'hucydides and 
Plato : but this is rather an argument in its favour. It is a new feature, that 
there are a few extract* from St. Chrysostom. The moral aim of the book is 
excellent. The compiler has in his choice restricted himself to ' passages 
which contain, not merely exhibitions of passion or eloquence, but those 
kinds of sentiments which might be easily felt and appreciated by the young 
mind properly cultivated, and those truths which ue most required to L« 
impressed upon the young without touching immediately upon religion, or 
descendmg into the ordinary conventional te:iching of morality, which too 
often encourages a kind of cant.' Upon the whole we beg to recommend this 
as a manly and scholarlike book, happily selected, carefully edited, and well 
printed."— £n<^/tsA Journal cf Edtieatum. 

Maunder's Universal Class-Book : 

A New Series of Reading Lessons (original and selected) for Everv Day in the 
Year : each Lesson recording some important Event m General History, Bio- 
graphy, &c., or detailing, in familiar language, interesting facts in Science, 
with Questions for Examination. By SjlMOEL MAtTMDER, Author of " The 
Treasury of Knowledge," &c. New Edition, revised. 12mo. Ss. bound. 

Mrs. Felix Summerly's Mother's Primer. 

The Mother's Primer. A LittleChild's First Steps in many ways. By Mrs. Felix 
Summerly. Fcp. 8vo. printed in Colours, with a Frontispiece drawn on Zinc 
by William Mulready, R.A. Is. sewed. 

The Rev. J. Pycrofl*s Course of English Reading. 

A course of English Reading adapted to every Taste and Capacitv: with Anec- 
dotes of Men of Genius. By the Rev. Jambs Ptcroft, B.A., Author of *' Latin 
Grammar Practice," &c. Fcp. 8vo. 6s. 6d. cloth. 

The Debater: 

Being a series of complete Debates, Outlines of Debates, and Questions for 
Discnssioa : with ample References to the best Sources of Information on 
each particular Topic. By Frederic Rowton, Fcp. 8vo. 6s. cloth. 

Lindley Murray's Works. 

•/ The latest and onlt Gekttinb Editions, with thb Adthor'b final 
corbkctiunb and improvements. 



1. First Book for Children. 18mo.6d. 

2. English Spelling- Book. l&mo. Ibd. 

3. Introduction to the English Reader. 

12mo. 2s. 6d. 

4. The Knglitth Reader. 12mo. 8s.6d. 

5. Sequel to ditto. 12mo.4s. 6d. 

6. Englibh Grammar. 12mo. Ss. 6d. 

7. English Grammar abridged. 

iKmo. Is. 

8. F.ngliHh Exercises. 12ino. 2a. 

9. Key to Exercises. 12mo. 2a. 

10. f'.xcrcises and Key. In I vol. 3s. 6d. 

11. Introdurtion au Lectcur Francois, 

12rao. 3s. 6d. 



12. Lecteur Francois. 12mo. 5s. 

13. Library Edition of Grammar, Exer- 

cises, and Key. 2 vols. 8vo.2l8. 

First I^essons in English Grammar 

New edit, revised and enlarged. 

18mo. 9d. 
Grammatical Questions, adapted to 

the Grammar of Lindley Murray : 

with Notes. By C Bradlbt. 

A.M. !2mo. 2s. 6d. 
Enlarged Edit of Murray's Abridged 

English Grammar, by Dr. GlhtM. 

18mo. Is. 6d. 



Mavor*s Spelling Book. 

The English SpelIinj;-Book : accompanied by a Progressive Series of easv and 
familiar Lessons : mtended as an Introduction to the Reading and Spelln:!} of 
the EngliHh Language. By Dr. Havor. 4a0th Edition, with various revisions 
and improvements of Dr.Mavor. 12mo. with Fnmtispiece, and 44 Wood 
Engravmgs, Is. 6d. bo^id. 

Carpenter's Spelling-Book. 

Tlip Scliolar'b Spelling Assistant ; wherein the Words are arranged according to 
tlirir principles of Accentuation. By T. CARrENTBR. New iSition, corrected 
throughout. 12mo. Is. 6d. bound. 
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Progressive Exercises in English Composition. 

By the Rev. R. G. Parker, A.M. 15tb Edition. 12mo, Is. 6d. cloth. 

"Walker's Dictionary Remodelled. 

Walker's Pronouncing Dictionary of the English Lanfraage, adapted to th« 
present otate of Literature and .Science. By B. H. Sm«rt. Second Edition. 
To which are now added, an Enlarged Etymological Index, and a Supplement, 
containing nearly Three Thousand Words not included in the previous edition 
of the Dictionary. 8vo. ISs. cloth. 

*g* The Supplement, with the Etymological Index, may be had separately. 

8vo. 3s. 6d. sewed. 

Walker's Dictionary Epitomised. 

Walker's Pronouncing Dictionary of the English Language, Epitomised on a 

Slan which allows of full Definitions to the leading Words, and large additions 
) the Terms of Modern Science: with a Key to the Pronunciation of Greek, 
Latin, and Scripture Proper Names. By B. H. Smajit. New Edition. 
16mo. 7s. 6d. cloth. 

Graham's Art of English Composition. 

English ; or, The Art of Composition explained in a series of Instructions and 
Examples. By G. F. Ghaham. 2d Edition, revised and corrected. Fcp. 8vo. 
7s. cloth. 

Graham's Helps to English Grammar. 

Helps to English Grammar ; or , Easy Exercisesfdr Young Children Dlnstrated 
by Engravings on Wood. By G. F. Gbaham. 2d Edition. 12mo. 3s. cloth. 

English Synonymes classified and explained : 

With Practical Exercises, designed for Schools and Private Tuition. By 
G. F. Graham. Fcp. 8vo. 7s. cloth. 

Aikin's Poetry for Children. 

Poetry for Children ; consisting of Selections of easy and interesting Pieces from 
the best Poets, interspersed with Original Pieces. By Miss Aikin. New Edition. 
18mo. with Frontispiece, 2s. cloth. 

Lady Fitzroy's Scriptural Conversations. 

Scriptural Conversations between Charles and his Mother. By Last Cbxri.ss 
FiTZROT. Fcp. 8vo. 48. 6d. cloth. 

Maunder's Popular Treasuries. 

1 The Treasury of Knowledge, and Library of Reference : a Compendium of 
Universal' Knowledj^e. 

2. The Scientific and Literary Treasury : a copious Popular Encyclopsedia of 
the Belles- Lettres. 

S The Biographical Treasury ; a Dictionary of Universal Biography ; com- 
prising above 12,000 Memoirs. 

i. The Historical Treasury : an Outline of Universal History ; separate His- 
tories of every Nation. 

*/ New Editions, corrected and enlarged, price 10s. each work, fcp. Svo. cloth; 
or 128. bound in embossed roan. 

Works by Prof. Robert Sullivan, A.M. T.C.D. of thQ 
Education Boards Dublin, 



1. Geography Generalised. 

New Edition. 12mo. 28. 

2. Introduction to Geogra- 

phy New Edition. 18mo. Is. 

3. Dictionary of Deriva- 

tions. New Edition. 12mo. 

.3s. 6d. 

4. The Spelling-book Super- 

seded. New Edition. 18mo. 
Is. 4d. 



5. English Grammar Sim- 

pUfled. New Edition. l8mo. 8d. 

6. Lectures on Popular 

Education. 12mo. 2s. 6d. 

7. OutlineoftheMethodsof 

Teaching in the National Model 
Schools, Ireland. 18mo. 6d. 

8. School Dictionary of the 

English Language. 

[In the prcM. 



Wilson and Ogilvy, Skinner Sirtat, Sn«whiU, London. 



